Torque Diagram and Torsional Stress of Circular Section

Torsional or twisting moment is caused by forces whose resultant does not pass through the axis of rotation
(called the shear center) of the structural member. Typically, significant torsions acedridushafts of

rotating motors, structural members subjected to eccentric loading (e.g., edge beams) or curved in the
horizontal plane (e.g., curved bridges, helical stairs).
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Torsion of Circular and Tubular Section

Unlike other sections (e.g., rectangular, thialled), the behavior of circularr dubular sections due to
torsional moment is well represented by some familiar simplifying assumptions; i.e., plane sections remain
plane when torsional moment is applied (i.e., no warping deformations), shear strains are small (as are shear
stessesifHoke6s | aw is valid) and vary Ilinearly from t

Using these assumptions, the shear stress at anpadigtdrom the cente

of the Gircle ist = Ty p/C 6. 6EEEEEE6 . /_\I
..Shear force acting on a small differential area dA is c

dF =t dA = (tmax p/C) dA €. 6é6ééeéeéé.
-.Corresponding torsional moment, dpdF = tmaxp? ¢) dA |
.. Total torsbnal moment integrated over the entire circular area is

T = [(tmax pHC) AA =Trax JIC=> Trnax= TC/J €ééeé. eééecéé.
where J = Polar moment of inertia of the section.

For a solid circular section of diameter d, dd%32

~.Eq. (iv) can be simplified as,,= T(d/2)/(zd"/32) = 16Thd>é é é .

Example Considering the torque diagram dorresponding to Case 1 shown above, calculate the maximum
torsional shear stress for (a) a solid circular sectibd” diameter, (b) a tubular section of dutside
diameter and’3inside diameter.

(c) Calculate the required diameter of a solid circular section if the allowable shear stress is 10 ksi.

(@) Since Tuax= 15K = 180 K, T yax = 16 x180/(4)* = 14.32 ksi T T
(D) T max = 180¢(4/2)/(r{(4)*~(3)"}/32) = 20.95 ksi 4 l
(C) T max= 16x180Md® = 10 ksi= d = 4.51



Torsional Rotation of Circular Section

Calculation of torsional rotation is necessary to

1. design structures not only to be strong enoughvittetstand torsional stress), but also stiff enough (i.e.,
they should not deform too much due to torsional moments),

2. design machineries for torsional vibrations,

3. analyze statically indeterminate structures.

Torsional Rotation of Circular and Tubul@ection

The assumptions used to derive the equation for torsional shear stress of circular sections are valid here also;
i.e., plane sections remain plane due to torsiona
valid) are small andary linearly from the center of the section.

For a cylindrical segment of differential length dx, the length of the ar dx

is given by ds FmaxdX €. éé@&éeéée.

It can also be expressed in terms of the differential angular rotdtjored _
ds=cad €. eéééeéeée.

where c¢ = radius of the circular area.

..Combining Eq. (i) and (i} ¢ d) = YmaxdX = (tmad G) dx

Usingtmax=Tcd=>cdh = (TclIG)dx=dp= ( T/ J G) dx

where J = Polar moment of inertia of the section.

~.Integrating between sections A andBps — da=J( T/ J G) d x

where/ is integration between sections A and B.
If T, J and G are uniform between Aand B, therr o= ( TL/ J G) eéééée. (v)

Example Considering the torque diagram shown belcalculate the torsional rotations for

(a) a tubular section of'dutside diameter and &side diameter.

(b) Calculate the required diameter of a solid circular section if the allowable torsional rotation is 1
[Given: G = 12000 ksi].
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(a) The polar moment of inertia of the tubular section istf(4) *~(3)*}/32 = 17.18 it

0 — dc = (TLIIG)D = (15x 12) x (6 x 12)/(17.1&12000) = 0.0629 radh ¢ = —0.0629 rad =3.60
bc— b = (TLIIGke = (5x 12) x (5 x 12)/(17.1812000) = 0.0175 ragh g = ~0.0803 rad =4.60
05 — da = (TL/IGs = (10x 12) x (4 x 12)/(17.1&12000) = 0.0279 radh o, = ~0.1083 rad =6.21°

(b) Usingdp = 0, the maximum torsional rotation at point A is
da=—[(TLAG)cp + (TLAG)c + (TL/IG)g]
= —7/180 =— [(15x 12) x (6 x 12) + (5% 12) x (5x 12) + (10x 12) x (4 x 12)]/(Ix12000) =1.86/J
= J=nd"/32 = 106.57 ih=d = 5.74



Torsion of Closed ThinWalled Sections

Thin-walled sections have wall thickness musimaller than its other dimensions. Closed -thailed
sections are widely used in structures subjected to torsional moments because compared to other sections,
they can resist torsional stress and deformations more efficiently.

Torsional Stress and Rditan of ThinWalled Section
Thin-walled sections can be analyzed for torsion using somewhat similar assumptions as for circular
sections; i.e., plane sections remain plane, shear strains are small. However, since the thickness of the
section is very smhlthe shear stresses remain almost constant across the thickness instead of varying
linearly from the center of rotation.

But the shear stress does not remain constant throughout the perimet
section. Instead the shear flow g, which ie 8hear force per unit len

(given by ®Wheaadarmest rtenses wal | rtt)his
constant.
Shear force on a small el ement

//////

and the corresponding torque dT =rdF =qrds eeééee. (
Sincethe area of the small triangular area subtended at the center of |
is = % rds, integrating rds over the perimeter of the area will give twi
entire area enclosed by the section i. ]

~Totaltorque TddT=lqrds=q{a)=>1= q/ t (ar T/ (

Also, the external energy required by a torque T to cause a twisting rotgi®or d dy/ 2 eé®é. (i
while the corresponding internal energy i&%2G dv =I(T2/8®2t26) (dx t ds)

=(T2dx/8®zG)(Ids/t) .ééé. é. .. (vVv)
Eq. (iv) and (v)=> d¢/dx = (T4 G)((ds/); i.e., &= 4(a)(dsit) L. ééé . é (vi)

Example Caonsidering the torque diagram shown below, calculate the maximum shear stress and torsional
rotation for a 4x 4” hollow square section with @.%vall thickness [Given: G = 12000 Kksi].
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The enclosed ar@ =1353.5 =12.25irf

= TI2(A) 1) = (15¢ 12)/(2x 12.25x 0.5) = 14.69 Ksi

- Also L= AAY/ds/t = 4(12.25)(4 x 3.5/0.5) = 21.44 ih
dp — dc = (TLIIG)p = (15x 12) x (6 x 12)/(21.4412000) = 0.0503 ragh ¢c = —-0.0503 rad =-2.8%
bc— 05 = (TLAG)se = (5% 12) x (5 x 12)/(21.4412000) = 0.0140 rad> ¢ = —0.0644 rad =-3.69
bg — da = (TLIIGs = (10x 12) x (4 x 12)/(21.4412000) = 0.0224 rad> ¢, = —0.0868 rad = 4.97



Torsion of Rectangular Sections

Since a majority of civil enginemg structures consist of rectangular or assembly of rectangular sections,
the study of torsional behavior of such sections is important. However, when subjected to torsional moment,
rectangular sections do not behave like circular or-whfled sectionsdue to the warping deformations
accompanying their response.

Torsional Stress and Rotation of Rectangular Section

The torsional response of these sections cannot be derived using the simple methods of Strength of
Materials, and requires concepts of @heof Elasticity instead, which is beyond the scope of this course.
Therefore, only the final expressions for torsional stress and rotation are shown here

For a (Ixt) rectangular section (withbt) subjected to torsional moment T 1 Tmax
the maximum shear stregg..= T/(abt) . 6. . éeéé k
and the dbdequivalent polar momen

Jeq = Bbt? € é. .ééé. . b
. Torsional rotation for a uniform section of length L is

o = TL/(Bbt)G éé. . ééé.

The constantst andp in Eqgs. (i) and (ii) are nedimensional paramete
and depend on the ratio b/t, as shown in the following table. -

b/t| 1.0 1.5 2.0 3.0 6.0 | 100 | «
o | 0.208| 0.231| 0.246| 0.267| 0.299| 0.312| 0.333
B | 0.141] 0.196] 0.229| 0.263| 0.299| 0.312| 0.333

Example Considering the torque diagram shown below, calculate the maximum shear stress and torsional
rotation for a (a) 4x 4" solid section (b) Zx 4”x 0.5’ open section [Given: G = 12000 ksi].
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(a) For the 4x 4” solid sectiong = 0.208, = 0.141

Tmax= T/(abt®) = (15x 12)/(0.208x 4 x 4°) = 13.52 ksi

- Also 1,=pbt’= 0.141x 4 x 4°=36.10 it
0o — da = {(15x12)x(6x12) + (512)x(5x12) + (10c12)x(4x12)}(36.10<12000) = 0.0515 rad
= pa =—-0.0515 rad =2.95

(b) The 4x 4"x 0.5’ open section is torsionally equivalent to a rectangular section of Sizd) B
. b/t = 32= Botha andp can be assumed to beé.333
rmax— T/(abt?) = (15x 12)/(0.333x 16 x 0.5%) = 135 ksi
=B bt®=0.333x 16 x 0.5’ = 0.667 irf
¢D da = {(15x12) x (6x12) + (5<12) x (5x12) + (10:12) x (4x12)}/(0.667x 12000) = 2.79 rad
= ¢pp=-2.79 rad =160
Obviously, common structural materials cannot survive such a large stesarad angular rotation.



Distributed Torsion and Torsional Rotation

Since the loads on civil engineering (or other) structures are often distributed over a length or over an area,
torsional moments on such structures seldom work as concentratedssictioe. The torque diagram and
calculation of torsional rotation in such cases require special attention.

Distributed Torsion
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Example Consideringthe torque diagrams shown above, calculate the maximum torsional rotation for a
solid circular section of"4diameter [Given: G = 12000 Ksi].

The polar moment of inertia of the circular section isn{4%/32 = 25.13 if

Usingép = 0, the maximum torsiai rotation at point A is

(@) ba = — [(TLAG)cp + Jec(THG) dx + (TLIIG)g]

—[(15x 12) x (6 x 12) + {(10 +15)/2x 12}x (5 x 12) +(10x 12) x (4 x 12)]/(25.13%12000)
-0.0919 rad =5.27

— [(TLAIG)cp + Jec(THIG) dx + (TL/IG)ag]
—[(15x 12) x (6 x 12) + {(10 +5/3)x 12}x (5 x 12) +(10x 12) x (4 x 12)]/(25.1%12000)
—0.0900 rad =5.15

(b) ¢a



Composite and Variable Crosssections

Composite Sections

Instead of the simple sections (i.e., circular, #halled and rectangular), structures subjected to torsion may

be sections of arbitrary shape or composite sections made up of two or more simple sections. While arbitrary
shaped sections can only be dealt numerically, composites of two or more simplesseaticdbe solved

more conveniently. The basic assumption for solving this type of problems is that when subjected to torsion,
the section rotates as a rigid body; ijes; TL/JG is valid for each part of the section so thatT,L/J;G; =

T,L/3,G,, etc. Therefore, if G is constant/U,=T,/,= éé&. .etc; i.e., the torque
the section is proportional to their J values.

Example Calculate the magnitude and location of the maximum shear stress in the compound section shown
belowwhen subjected to a torque of 10tk

The composite section consists of a talled, a rectangular anc

t=0.10 circular section. If the torques taken by them are T, and T;
Lhroughou respectively, then 13, = T/ = To/L=T/(h + L + k)
, Here, aea enclosed by sectio@ ={2+4¥R=6.0if
2 dh= A@Z/st/t = 4 (6.0V[{(4 + 2 + 2V(2% + 19)}/0.10] = 1.38 irt
— BL=pbt’=0.14k 2x (2)*°=2.26 i
2" L=nd¥32 = x 2432 =157 if}

~.T1/1.38 = 1/2.26 = B/1.57= 10/(1.38 + 2.26 + §7) = 10/5.20
= T, = 2.64 kit, T,= 4.34 kft, T, = 3.02 kit
2'  Tnax() = T1/(2® t) = 2.64< 12/(2x 6.0x 0.1) = 26.43 ksi
Tmax@ = To/(abt?) = 4.34x 12/(0.208x 2 x 2°) = 31.28 ksi
Tmax@ = 16 To/(nd’) = 16x 3.02x 12/(n x 2°) = 23.07 ksi
STmax=31.28 ksi, at the midpoint

Variable Sections

The shape and/or size of the crgsstional areaf a structure subjected to torsional moment may vary over

its length. The problem is easier to handle if it varies at particular locations only, although the possibility of
stress concentration needs special attention and requires the variations ims dectie smooth or well
roundedoff. However, if the variation is gradual over a considerable length, torsional rotation can only be
calculated by integration.

Example Considering the torque diagram shown below, calculate the torsional rotation #teAcifoss
section diameter varies frornfi 4t A to 8 at B [Given: G = 12000 ksi].
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(a) Neglecting the effect of stress concentration
dg— 0a = (TLAGc + (TLIIG)c = {(10x12)x90/(tx4*/32) + (10:12)x90/(nx8%32)}/12000
= po =-0.0380 rad =2.18

(b) The diameter of the circular section at a distance x from end A is d(x) =4 + 4x/180

-.Polar moment of inertia J(x) =(4 + 4x/180}/32

5 0a—0a=)(T/IG)dX = (18:12)/(12000)dx/(n(4+4x/180$/32) = (001) (-180/4) {(1/8)- (1/4)}/3/(n/32)
= ¢a =-0.0209 rad =1.2C



Statically Indeterminate Problems on Torsion

A large portion of civil engineering structures is statically indeterminate; i.e., they cannot be analyzed by
statics alone. For purely ®ional problems, since there is effectively only one equation of statice (ig.,

= 0), a statically indeterminate structure has another extra unknown. Determining such unknowns require
knowledge of displacements; i.e., torsional rotation.

Example Consdering the statically indeterminate torsional problem shown below, calculate

(a) the maximum torsional stress and torsional rotation for a solid circular sectibdiafméter

(b) the required diameter of a solid circular section if the maximum allowaisienal stress is 10 ksi and
allowable torsional rotation is*{Given: G = 12000 ksi].
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(a) The polar moment of inertia of the citausection is J =(4)%/32 = 25.13 iff
The problem is statically indeterminate because the torsional moments at joints A and D are both unknown.
This problem is divided into two statically determinate problems, namely Case 1 and 2.
Using¢p = 0, the maxiram torsional rotation at point A is
Caselipas = —[(TLNIG)cp + (TLIIGkc + (TL/IIGKg]
—[(A5% 12)x (6 x 12) + (5x 12)x (5 x 12) +(10x 12) x (4 x 12)]/(25.13x 12000)
—-0.0740 rad
Case2ippr = -TaLIIG =—(Tax 12) x (15x 12)/(25.13x 12000) =-0.00716 ]
Adding Casel and 2 ¢a1 + a2 = 04 =-0.0740-0.00716 . =0
= T, =-10.33 K, from which the final torque diagram can be plotted as shown.

..Using the final torque diagram,

The maximum stresSsmax = tsc = (TC/Ihc = (5.3%12) x 2/ 25.13 = 5.09 ksi, and

The maximum rotationymax = ¢c = —(TL/IIG)cp= —(4.6712) x (6x 12)/(25.1%12000) =0.0134 rad

=-0.766

(b) If J is the polar moment of inertia of the circular section, the final torigigeatin—

The maximum stressyay = tsc = (Tc/)e = (16Thd®)sc = (16¢5.33«12)kd’ = (325.95/4) ksi, and
The maximum rotationmayx = ¢c = —(TLIIG)ep= —(4.6712) x (6x 12)/(I12000) =—(0.336/J) rad
S Tmax= 10 ksi= 325.95/d = 10= d = 3.19

. Omax= 1° = /180 rad= 0.336/J =1/180= J =nd*/32 = 19.25 ifi= d = 3.74

-.Required diameter, d = 3.74



Practice Problems on Torsion

1~3.Calculate the maximum shearing stress and torsional rotation in the structures shown below (Neglect
stress concentratiofsiven: G = 12000 ksi].
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4. For the structure shown below, draw the torque diagram of member ACD and calculate its maximum
torsional shear stress and torsional rotation [Given: G = 1000 ksi and thaectes is a 12circle].
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5. Calculate the required depth (h) of the channel section shown below if the allowable shear stress in ABC
is 10 ksi and the allowédangle of twist is 1[Given: G = 12000 ksi].

t =10 kin/in T =100 kin
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6. Calculate the torsional stiffnesses (i.e., torque required to produce unit rotation per length) of the two
thin-walled sections shown belovw} b].
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7. The compound sectioshown below is to be replaced by a circular section so that the torsional stiffness
(torque/rotation) remains the same. Calculate the required diameter of the circular section.

1![
0.5

8. Calculate the magnitude and location of the maximum shear stress in the compound section shown
below when subjected to a torque of 1.k
Also calculate the diameter (D) of the circular section bz the same maximum shear stress when
subjected to the same torque.

t = 0.10 throughout
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9. Cal cul ate the required deshawéntthe figuré ltbldow ifaflowablk gheac i r ¢
stress is 20 ksi. For the diameter 6d6, calcul af
Torque = 10 Kt
7 at y
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10. Calculate the torsional shear stress at A and the torsional rotation at B for the circular rod- (of non
uniform diameter) shown below (Neglect stress concentration) [Given G = 12000 ksi].
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Recent ExamProblems on Torsion

1. For membersb andbcd(each weighing 0.50 k) of the frarabcdloaded as shown iRig. 1,
() draw the torque diagram,
(if) calculate the maximum torsional shear stress and maximsraraf rotation
[Given: Shear Modulus = 12000 ksi].

=10 ——10—
b . c d

/ 7”

4 | Cross Section adbcd| s
e f .

Fig. 1

2. If the compound section shownhig. 2is subjected to a 10 kit torque, calculate the

() magnitude of maximum shear stress in the section
(i) deph and width (B) of the square section that has the same maximum shear stress when subjected to
the same torque.

| 2m | 2m |
[ | ] -
| t=0.1m (periphery]
2m B
1im im
Compound Section Square Section
Fig. 2

3. For the rotating shaft ABCD shown kig. 3

(i) calculate the torquesTequired to make the torsional rotation at B equal to zero,
(i) draw the corresponding torque diagram and calculate the maxshear stresses at A and D

[Given: Shear Modulus = 12000 ksi].

R S Y S . N : ) 4/7 I ” OIZH

| 15 | 5 | 5 | Crosssection of Crosssection of
I | | | member AB member BCD
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Stress Combination and Combined Normal Stress

Stress in general is broadly classified as normal stress and shear stress. Normal stresses act perpendicular tc
the plane (e.g., axial stress and flexural or bending stress), while shear stregaedlakto the plane (e.g.,

direct shear, flexural shear and torsional shear stresses). The following table shows the equations for
different types of stresses and their validity.

Type of Stress| Equation Validity
Normal Axial c=P/A All sections
Stress Flexural o =Myl All sections
Direct Shear T=VIA All sections
Flexural Shear| 1=VQ/lt All sections
Shear - .
Stress 1=Tcld Circular sections
Torsional Sheal t = T/(Xa) t)| Thin-walled sections
7= T/(abf®) | Rectangular section

Practcal problems on stress analysis, including those in civil engineering, almost always consist of a variety
of stress conditions. For example, in a typical building structure, beams and slabs are subjected to significant
flexural and shear stresses due tatival loads, while columns and footings have significant axial and
flexural stresses (and possibly shear stresses mainly due to lateral loads).

This discussion focuses on combination of normal stress with normal stress and shear stress with shear
stress.The more general topic of stress combination (normal stress with shear stress) is covered in the
transformation of stresses.

Combination of Axial and Bending Stress

Combination of normal stresses in the form of axial and bending stress is quite commactical
situations; e.g., in beams, columns and footings in civil engineering structures. In this case, the combined
normal stress is simply the algebraic sum of two stregses) by

5, (x,y) = PIA- M, Vi1, 6666666. (i)

where P $ the tensile force and Nt the bending moment on a cresstion whose area is A, and moment

of inertia about &axis is }. A very common example of combination of axial and bending stress is the case
of prestressed concrete, where a flexural membee (onder bending stress) is subjected to sufficient
compressive stress in order to reduce or avoid tension in concrete, which is relatively weak in tension.

Example Calculate the maximum stresses at the midspan section 6fag@&imply supported réangular
beam of (1x2') section under a uniformly distributed load of 1 k/ft, if it is subjected to an additional pre
stressing compressive force of P = 100 kips.

Also calculate the prstressing force fhecessary to avoid tension in the section altoget

y
1 kit |4 ~125ks| - 75 ksf

| 20 |

+ 25 ksf + 75 ksf

Withb=2,h=2
— Crosssectional Area A =42 = 2 f£, Moment of Inertia about-axis |, = 1x2%12 = 0.667 ft
Maximum midspan bending moment, M1 x 207/8 = 50 kit

+.Gag= — 100/2.0- 50 x 1/(0.667) =-50-75 =—125 ksf,cyc = ~50 + 75 = + 25 ksf

If the necessary pretressing force to avoid tension in the section,jsHen
Ot(max) = Ob.c = —Py/2.0 + 75 = 0= P,= 150 kIpS
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Combination of Bending Stresses: Biaxial Beridg

Biaxial (involving two axes) bending is the bending of a cisEgion about two axes of rotation and often
deals with bending about the centroidal axes. For an area subjected to biaxial moprads/labout the
centroidal z and y axes, the compresstress at a point with coordinates (z, y) is given by

ox(z,y) = M, yll, + M, zZ/l, eéeééeeée. (i)
where } and |, are the moments of inertia of the cresstion.

Therefore, the neutral axis is defined by the equatigny) = 0= M, y/l,+ M, z/l, =0
=y =-(My/M,) (I/1y) z ... éeéeééeée(ii)
Also, omax at the four corners of a rectangular section is giveanta)(:iGMZ/bhziGMy/hbzé N - 2 - I (O

Example Calculate the maximum bending stresses at the fomeroiof the midspan section of & Rihg
simply supported rectangular beam ok@l) section under a uniformly distributed load of 1 k/ft, inclined at
30° with vertical.

N :
1 Wit y Wlthbjl,hZZ
aft .= 1x2°/12 = 0.667 ft
f VY Y YV V¥V ¥V ¥V VY Iy = 2><13/12 =0.167 ﬁ
v ] -z Maximum midspan bending mome;
| 20 | % M. = (1 cos30°) 2078 = 43.3 kit
. ' M, = (1 sin 30) 2078 = 25 kft

.0, =—43.3x 1/(0.667) + 25¢ 0.5/(0.167) =-64.95 + 75 = + 10.05 ksfy, = + 64.95 + 75 = + 139.95 ksf,
o= + 64.95-75 =-10.05 ksf,oq = —64.95-75 =-139.95 ksf

Equation of the neutral axis is,
y =—(25/43.3)x (0.667/0.167) z=2.31 z

which is a straighline through origin as indicated by the line NA.
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Combination of Axial and Biaxial Bending Stress

Among civil engineering structures or structural elements, columns and footings often provide common
examples of situations involving combination of asiiess and uniaxial or biaxial bending stresses.

Combination of Axial and Bending Stresses in Footings
A loading situation with axial and biaxial bending stress can be due to concentric axial force accompanied
by moments about the centroidal axes [Ei@)] or a biaxially eccentric axial force [Fig. 1(b)].

Fig. 1: Footing subjected to (a) Concentric axial load and biaxial bending, (b) Biaxially eccentric axial load

For a crossectional area subjected to a condentompressive force P and biaxial momentsavid M,
about the centroidal x and y axes [Fig. 1(a)], the compressive stress at a point with coordinates (X, y) is

c; (X,y) =— PIA— Myl — Myx/l, eéééeéeéeé. (i)

where A, ) and | are the areamnd moments of inertia of the cressction. For a biaxially eccentric
compressive load P located at a point € in the coordinate axes; i.e., with eccentricitigaed & about
the x and y axes respectively as shown in Fig. 1(b), the biaxial lsemdiments are M= Pg and M, = Pg
and the compressive stress at (X, y) is given by

5, (x.y) =— PIA— Pg y/l, — P& X, 6eééééé. (ii)

Kern of a Footing Area

Since the soil below foundation can hardly take any tension, it is importari¢ifarce P be applied on the

footing in a manner to ensure the stresses below the entire area under the footing remain compressive. The
zone within which the load is to be applied is calledkitsm of the area. A line of action of the applied load

that ersures compression is given 8yx,y) <0

—PIA-Pgy/l,-Pgx/lly<0 = 1/A+ex/l,+¢gYy/l=>0 eééééeéé(iii)
For a rectangular area-(t), A = bh, } = bi/12, |, = hb/12, Eq. (iii))=
1+12gx/b°+12gy/h*>0 6éééééé(iv)
.. To ensure compressive stress at the corner point where (x, y) = (b/2, h/2),
1+6e&/b+6¢gh>0=e/(b/6)+¢/(h/6)>-1 eééeéeée. é(v)
.. Similarly, to ensure compressive stress at corner points-(#22, b/2, h/2) ¢b/2-h/2) =
-1<e/(b/6) + g/(-h/6)< 1; e/(b/6) + &/(h/6)< 1 eé. . éé(vi)~(vii

Plotting the lines defined by Eqgs. (v)~(viii) defines a zone (calledh Fig. 2), a parallelogram with
diagonals b/3 and h/3, within which the load must act in order taremrsumpressive stresses at the four
corners of the footing, thereby ensuring an entire area under the footing free of tensile stresses.

Fig. 2: Kern of a rectangular are
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Combination of Shear Stresses for Helical Spring

Helical springs provide an importaexample of combining shear stresses. These springs are used in several
engineering structures and equipment as load transferring elements or shock absorbers.

Combined Shear Stresses in Helical Springs

Helical springs made of rods or wires of circutansssection (as shown in Fig. 1) may be analyzed in the
elastic range by the superposition of shearing stresses. One important assumption needed here is that any one
coil of such a spring will be assumed to be in a plane, which is nearly perpendidhikaaiis of the spring.

This assumption can be made if the adjoining coils are close enough.

P @ (b) (©)
Fig. 1: Forces acting on a closely coiled Helical Sp

Therefore the forces acting on any section of the spring are (i) Shearing force V = P, (ii) TerdeR; T

where P = force applied along the axis of the spring, R = distance of the spring axis to the centroid of the
c oi | 6 sectionr Bhe snaximum shearing stress at an arbitrary section of the spring is found by
superposing the direct and torsionalahstresses, using J = Polar moment of inertia of coil sectiaf{/32

= 7r/2.

.. By superposing, one obtaimg.x = tgirect+ Tiorsion= P/ A + Tr /J = P/ A (1 + 2R/ 1)
Deflection and Stiffness of Helical Springs

In Fig. 1 (c),sina = BC/BD = EG/DG eééeée(ii)

If EG = dA is the differential deflection of the small section AB (of length dx), and using DG = &DEd.

(i) > R/BD = (dA)/BD (d¢) = dA = R (dp) eé. .. ée(iii)

Also, dy = T(dx)/JG = PR (dx)/JG;.The deflection of a helical spring can be obtained (neglecting the
deflection due to direct shear stress, which is normally small) by using the following relationship

dA = PRAx/JG= A = PRLIJG éé.é(iv)
where L = length of the spi ngds rod and G = shearing modulus o
rigidity). For a closely coiled spring the length L of the wire may be obtained with sufficient accuracy as
2nRN, where N is the number of live or active coils of the spring.

~.A =64 PRN/Gd" ¢éé.é(v)
This equation can be used to obtain the deflection of a closely coiled helical spring along its axis when
subjected to either tensile or compressive force P. The stiffness of a spring, often referred to as spring
constant ¢ommonly denoted by k), is defined as the force required to produce unit deflection.

-k = PIA = Gd/(64RN) éééé(vi)
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Practice Problems on Combination of Stress

1. Calculate the maximum normal stress in the beam shown below and show ttigopds where it
occurs [The beam area is rectangular dnaiide].

;;; 10 | 10 e

[ [
2. Inthe beam shown belowrawthe normal stresdiagram over the sections& and BB’ if 6 = 60°.

1.5’| E
&
|

11
= 4 100k
B P/
BI
\,

3. In the beam shown below, calculate the maximum allowable val@embrder to avoid tension in (i)
Section AA’, (ii) Section BB'.

6 | Vil |
I |
A B A

Diameter = 6

97

>

P R
>

4" x 24" crosssection

ooy

4. Calculate the maximum normal stress in the structure shown below (Neglect stress concentration).

10— —3
30"
4 dia/iéi” _ ™~ 2 dia
T T o T |

5. Calculate the maximum compound normal stress in the beam shown in the figures below and show the
point(s) where it occurs [The beam area i$all5 rectangle].

10¢ 10¢
/ 1.5[ i
20 k > 5’ b, C 7, pj 0 1, C
| | |
| i | .
Side Elevation Crosssection
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6. Calculate the maximum compound normal stress in the beam shown below (subjected to inclined
loading) and show the point/points whét occurs [The beam area is a’'0.F rectangle].

12" . 12
l | ! 450

a; L

r deepl | 7R
b, c & b ¢
7 | | 0.5 wide
| 5 | 7 |
Side Elevation Crosssection

7. For the structure shown below, draw the axial force and bending moment diagram of member ACD and
calculate the maximum normal stress ia thember.

!
5 A A 3

10,

D E z
5!

F 5k

20 k 10

8. Determine the kern of a solid circular cross section of radius R and show thenkbensection.

9. The shaded area shown below represents the kern of the rectangular footing ABCD. For the given loads
calculate the normal stresses at A, B, C, D and locate the neutral axis.

10 k.2 B

10. Calculate the mamum compound shear stress in the beam described in Problem 5 and show the
point(s) where it occurs.

11. In the structure described in Problem 7, calculate the maximum compound shear stress at A.

16



12. Design the connection bolts for shear, under tlgitg condition shown in the figure below, if the
allowable shear stress is 12 ksi.

2" :

1 (] o

6" :

o~ () (0)
L Lt
] | |
2! 6” 4”

13. Calculate the deflection at point C for the timber beam ABCDE loaded as shown ibeleaspring at
E has shear modulus = 12000 ksi, coil diametet,4n8ide diameter of spring = 8hnumber of coils = 8
[Modulus of elasticity of timber = 1500 ksi].

A Bl C lD E

|
@z
|

A o

6 L3 3 6 R
[ [ I E
* X-Sectior

14. In the figure shown below, both;8,D; and ABCDE are rigid beams. The helical springs at fariél
D, have coil diameter = 1 in, average spring radius = 3 in, number of coils = 5 and shear modulus =
12000 ksi. Calculate the deflections at B, B, B, and the combined shear stress for thingmat A.

IS

1k

BlﬁD1
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Transformation of Stresses

The earlier discussions on stress combination dealt only with the superposition of normal stress with normal
stress (e.g., axial stress with flexural stress) and shear stresshedhstress (e.g., direct shear stress with
torsional shear stress). However, many practical situations require the combination of normal stress with
shear stress (e.g., axial and flexural stress with flexural and torsional shear stress).

Besides, thdailure of several structural materials (e.g., concrete, steel, timber) due to various types of
loading (e.g., tension, compression, shear, bending, torsion) occurs along different surfaces based on
material properties and orientation of maximum strese. ¢Ftoice of these surfaces regsittge knowledge

about stress transformation, to know the normal and shear stresses along any surface under any particular
stress condition.

Equations of Transformation of Stresses

Equations for the transformation of normal a Oyy Gyy
shear stresses on a differential element over

surface to a plane in another orientation —— Ty
derived here. [g. 1(a) shows the normal stress s G o
Gy Oy along the x and ydirections on the ox}>\9
vertical and horizontal surfaces respectively ¢ =T \
Xy dA Tyy
the shear stress, parallel to both the surfaces. \/
Oyy

Fig. 1(b) shows the frekody of a small elemen
demonstrating stressesy’, tx, over a plane of (@) (b)
area dA oriented at an angbeto the original

surface (acted upon by stressgsandty). Fig. 1: Transformation of Normal and Shear Stre

Considering the edjibrium of the element shown in the fréedy diagram of Fig. 1(b),
2.F«= 0= o, dA cosb + 1,, dA sSinB — (o4’ dA) cosb + (1, dA) sinb =0

= Oy COSO — T,/ SINO = Gy, COSO + 14, SINO eééeéeéeceéeeée. éeée. . (i)
2F, = 0= 1, dA cosb + oy, dA SinB — (o’ dA) sin® — (1, dA) cosb =0
= Oy SiNO + 1,/ COSO = 1, COSO + Gy, SINO eeeeeeeeeeee.ee. (i)

[(i) x cos® + (i) x SiNB] = Gy (COS 6 + Sir B) = G, COE O + Gy SiIt O + 2 1,, COSO SiNO

= Oy = Ox (1 + cos B)/2 + oy (1 - cos B)/2 +1,,SIN D

Gl = (O + Oy)I2 + {(Gx— )2} COS B+ (1) SINDEEEE & . 6 (i i i)
[(i) x Sin® — (i) x cosO] = 1y, (SIM 0 + cOS B) = Gy COSO SINO — Gy, COSO SINO + T,y (SiF 6-COS 0)

= —Tyy' = Oxx (SiN D)/2 — oy (SiN DB)/2 - 1,y cOS D

STy = —{(ox—0yy)/2} Sin 20 + (t4,) COS D €. éeéée. é(iv)

Example If the normal and shear stresses on the element shown in Fig. 16a) ar20 ksi,cy, = —10 ksi
and t,, = 15 ksi, calculate the normal stresg and shear stress,’ on a plane defined /= -30°.

EQq. (iii) = o' = (0xx + 6yy)/2 + {(oxx — Oyy)/2} COS D + (14) SIN D
= (20— 10)/2 + {(20 + 10)/2} cos+60°) + (15) sin £60°)
=5+ 15 cos{60°) + 15 sin £60°) =-0.49 ksi

Eq. (iv) = 1y = —{(ox—0y)/2} Sin 26 + (t4,) COS B
=-{(20 + 10)/2} sin (60°) + (15) cos£60°) = 20.49 ksi
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Principal Stresses and Principal Planes

The normal and shear stresses on a plane at antnglk a referene plane acted on by normal stresses
(oxx Oyy) and shear stresg, are given by the following expressions

Ox' = (Oxx + 0yy)/2 + {(ox — Oy)/2} COS D + (14) SIN D .eééeéeé.ée(iii)

Ty = —{(Oxx— Ow)/2} Sin 20 + (ty,) COS B €. éée&. é(iv)
These equations can also be written as

Gxx’ = (O + 5y)12 F[{( Oxx — G)/2}2 + (T4)?] COS (D-0t) e.eéée. . eé(v)

Ty = —VH{( O — 5,)12}> + (15)7] SiN (D—a1) €. ééeéée. é(vi)

where tam = 2 1,/(Cxx — Gyy)

.. The maximum and mimum values of normal stress are
Gxx(max) = (Gxx + ny)/z +\/[{( Oxx — ny)/z}z + (Txy)z]; Whene = O(/Z’ OL/Z + 180 é é é é
Grx(min) = (O + Gy )12 —N[{( Oxx — Gyy)/2}? + (14y)°]; when® = a/2 + 90° S

The stressesymax and oxmin, also denote by ¢, and c,, are called therincipal stresseswhile the
mutually perpendicular planes they act on, representéd=xy/2, a/2 + 180 and6 = o/2 + 9C°, are called

the principal planes They represent the maximum tensile and compressive stressescatrrbsponding

point. These stresses and planes are extremely important in analyzing the failure criteria of structural
materials, particularly for brittle materials. An important aspect of the principal planes is that the shear
forces on them are zero.

However, for o6yieldingé materials or the ones t he

corresponding planes are also very important
Taymag = VH{( Go—0p)/2} + (1)7]; When6 = a/2 - 45°, a/2 + 135  ee. 666
Txy(min) = _\/[{( c7xx_0yy)/2}2 + (Txy)z]; wheno = a/2 + 48, o/2 -135 ' '

Typical Example Problems
The equations (vii) and (viii) can be used to predict the maximum stress and failure surface in several typical
stress conditions.

Go Uniaxial Tension
Gy = 0,0y, = G, Ty= 0= tana. = 2 x 0/(0 - 6g) = o = 180
~.61= (0 +60)/2 +V[{(0 - 60)/2}2 +(0)] = 6¢/2 +6¢/2 =5,, whend = 90, 270
ando,=c6y/2 - 6o/2 = 0, wherb = 0°, 180

Go < Txy(max) = co/2, whenb = 45, 225; Txy(min) = —6o/2, wheno = +135, — 45°

Go Hydrostatic Compression
Oxx = =00, Oyy = —Cp, Ty = 0= tana = 2 x 0/(-c, + 6¢) = « is indeteminate
.61= (~00—00)/2 +[{( —00 + 60)/2}? +(0)] = -5 + 0 =—0p

S0 ©o andoc,= —0o— 0=-0¢
< Txy(max) = 0; Txy(min) = 0
o Therefore, the normal stress-s, and shear stress is zeyo all surfaces
Pure Shear
— T 6= 0,0p,= 0,14, = 19 = tana = 21¢/(0—- 0) = a = 9C°
O ~.61= (0 + 0)/2 +[{(0 —0)/2}? + (1)°] = 0 + 10 = 10, Whend = 45, 225

To

andc,= 0- 19 = -1, whend = - 45°, 135
" Txy(max) = To, Whend = 0°, 18C; Tyy(min) = —To, Wheno =+ 90°
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Mohroés Circl e

The equations for the normal and shear stresses on a plane ab antylea reference plane acted on by
normal stressess{,, cy,) and shear stresg, have been derived to be
Gxx’ = (O + Gy)12 {( Oxx — Gy)/2}% + (T4)?] COS (D-0t) e. éeéé.e(v)
Ty = —VH{( O — 5,)12}° + (15)7] SiN (D—a1) e. éeéée. é(vi)
where tam = 2 1,/(cxx — Gyy)
These equations can beadjusted to the following form
{0 — (Oxx + Gy)I2}> + (T —0) = {(Oxx — Oy)/2}> + (Txy)? e. éeéée. é(ix)

Eq. (ix), when plotted witks,, in x-axis andk,,’ in y-axis, takes the form @@y + (Y-0)* = R, which is the
equation of a circle with center(a, 0) T{+ o,,)/2, 0] and radius R J[{( 6xx—0y,)/2}* + (t,)?]. This circle
is calledMo h r 0 s, afteri OttcMokr of Germany, who first suggested it in 1895.

Fig. 1 shows a Mohr 6s
important features. Among them, the coordinate
the center of the circle = (a, 0) = + 6,,)/2, 0] ant
radius R =V[{( x — 0y,)/2}° + (14,)°] have alreac
been mentioned before.

However, the figure also shows that the prin
stresses are;=a + Ro,=a— R,

while the maximum and minimum shear stresse_
Tmax= R andemin = —R. (52 0)
Since the center of the circle is at the midpoint ¢
radial lines, ¢1+ 62)/2 = 6+ oyy)/2 = a

Also from figure, tanp = (t1,y—0)/(cx—(Cxx + Oyy)/2) =
21,y /(ox—0yy) = tana,; .6 = a.

It can also be proved that if the slope of AB \

vertical isf, the coordinates of B =(, —1,,'). @tm) F1g. 1o N
Example For an infinitesimal element,, = -30 ksi,o,y = 10 ksi, antt,, =-15 ks i . I n Mohr o

stress, show the normal and shearssee acting on a plane defineddoy —15°.

The coordinates of the center of the circles{¢ o,,)/2, 0] = [(-30 + 10)/2, 0] =410, 0) and
radius R =V[{( 0xx—0yy)/2} 2+ (14)°] = V[{(~30-10)/2F + (-15)] = 25

The principal stresses are (-198,23.9
ci=a+ R =10+ 25 =15 ksi,
andc,=-10-25=-35 Ksi.

Tmax= R = 25 ksi, and,, = —25 ksi.

)
[ I T TEr
o
N

tan¢ = 21,/(Cx—0yy) = (-30)/(-40)=> ¢ = 0. = 216.9

(_351 0}

(15, 0)
The coordinates of B =(9.8, 23.0) =, —Tx)
-Gl = —19.8 ki1, = —23.0 ksi
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Yield and Fracture Criteria

The studies on transformation of stress are aimed at developing the state of critical normal and shear stresses
and the corresponding surfaces. But no comprehensive theory is available to predict the precise response of
all types of reamaterials to such stresses, incorporating the multitude effects of static, dynamic, impact and
cyclic loading, as well as temperature. Only the classical idealizations of yielding criteria for ductile
materials and fracture criteria for brittle materiale discussed here, both of which are greatly affected by

the temperature as well as the state of stress itself. All the criteria discussed here are formulated with respect
to the principal stresses, and ¢, and based on comparison with the yield critdda materials under

uniaxial tension, assuming identical material properties in tension and compression.

1. Maximum Normal Stress Theory (Rankine)
According to this theoryielding occurs when the maximum normal stres®f o») at a point equals the
maximum normal stress at yield in the uniaxial tension test
Since the maximum normal stress at yield in the uniaxial tension test = Y (the yield strength of the
material), the yield criterion becomésl| >Y,or |02 | >Y.
This can be plotted withy; in thex-axis ands,in the yaxis as shown in Fig. 1.

2. Maximum Normal Strain Theory (St. Venant)
According to this theoryielding occurs when the maximum normal strainof &,) at a point equals the
maximum normal strain at yield in the uniaxial tensiest
Sinceg; = (61— voy)/E, e2= (62— vo)) / E [ where E =v¥okPog8e®nmedultsp
maximum normal strain at yield in the uniaxial tension test = Y/E,
the yield criterion becomelss; — vo,|> Y, or | 6,— voy | > Y.
This is plotted wit o, in the xaxis ands,in the yaxis as shown in Fig. 2.

3. Maximum Shear Stress Theory (Tresca)
According to this theoryyielding occurs when the maximum shear stregs)(at a point equals the
maximum shear stress at yield in the uniaxial tentdsh
Sincetmay = Icl - 62|/2 and the maximum shear stress at yield in the uniaxial tension test = Y/2 (the
yield strength of the material), the yield criterion becohees- c,|> Y, and adding the normal stress
criterion Icl | >Y, or | (o) | >, is plottedwith o, in the xaxis ands,in the yaxis as shown in Fig. 3.

4. Maximum DistortiorEnergy Theory (Von Mises)
According to this theoryyielding occurs when the maximum distortion strain energy)ldt a point
equals the maximum distortion strain egyeat yield in the uniaxial tension test
Since Ui for 3-dimensional stress is = d(-0,)* + (6,-03)° + (063-01)°}/12G, i.e., for 2dimensional
stress is = {§1-6,)° + (62-0)° + (0-61)?}/12G = {(01-0,)° + 0,° + 6,°}/12G, and U, at yield in the
uniaxal tension test = 2¥12G, the yield criterion becomess{-c,)* + 6,° + 5.} = 2Y?% i.e.,
6%+ 6,°— 6,0, = Y2 which is plotted withs, in the xaxis ands.in the yaxis in Fig. 4.

G2
(o)) '
S o —( Y
__|._ NoYield_ | | No Yield
Zone 61 - T Zone "/ ©1
Fig. 1 Fig. 2 Fig. 4
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Practice Problems on Tranformation of Stress

In the beam shown below, calculate the principal stresses and show the principal planes at A and B.

10 k 10k
| [ —
0.5
BOK—— o oo Bommemm] 50k 1
A AN 1
| | | Crosssection
5 | 25 | 25 | 5

Side Elevation

For the structure shown below, calculate the stresses, 1) and the principal stresses,(c,) at
points a and b of section-A.

I l/lryzls‘

A 15 ! y
F, = 100

o

[
>

Section AA

For the structure shown below, calculate the principal stressesdaedpondingangde at poi nt
the section D.

5, A A A A JA
C X
10, B
D E z
5!
F 5k
20 k 10
12"
6![
6/!

Cross Section of |

In the beam sbwn below, calculate the principal stress and show the principal planes for the point A.

10
100 k
60°

/

b
.
A%
24" x 24" crosssection
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5. In the column shown below, use transformation of stress to calculate the maximum shear stress at
Section AA'. Also indicate the point and sade where it occurs in the section.

P = 100 kips

5!
Area (Ix1")

r
—A s ..\"..IA

6. The shear stress at an element on the neutrabbsétion D of beam ABCD shown below is 50 psi.
For this element

(i) calculate normal stress@s, G,y), principal stressesy{, c,) and maximum shear stre@s.,),
(i) drawt he Mohr 6s <circle of stresses

w k/ft

__________________________________________________________ {12

A gB C & D :
; 8//

| 10 | 10 | 10 |
| [ [ I Beam Section

7. For an infinitesimal elementy = -30 ksi,c, = 10 ksi, andt ., =-15 ks i . I n Mohroés c¢
show the normal and shestresses acting on a plane defined by-45°.

8 The coordinate of the center of a Mohroés <circl e
located at an angke = 30° from plane XX, calculate the normal stresses,(c,) and shearteess ¢,,)
on that plane [ al/l stresses are in ksi]. Also s

9. For the stress condition in the element shown below, find the maximum allowable value of p using the
Von Mises yielding criterion, if theigld strength of the material is 40 ksi.

3p
—1 ~0p

<1
3p

p

10. Calculate the shear stress necessary to cause yielding of a material in a pure shean. ddsélitioe
Von Mises yielding criterion, if the yield strength of the material is 36 ksi.

11.The coordinates of t h-@/2d0eanditeradiuetd, a Mohr 6s circl

Calculate the maximum allowable value mfif the material is to avoid giding using all the criteria
suggested below, by (i) Rankine, (ii) St. Venant, (iii) Tresca, (iv) Von Mises

[ Given: Yield Strength of the material = 400 MP:
12. For the stress condition described in Problem 7, calculatedheed yield strength Y to avoid yielding

of the material using the yield criteria suggested by
(i) Rankine, (ii) St. Venant, (iii) Tresca, (ivVv]
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Bending Moment Diagram (BMD)
1. BM =0 at points A

(i) Free End (if) Hinge/Roller Supported End (iii) Internal Hinge
S ] e ‘

2. BM =0 at points B (in general, but can be = 0 only for special loading cases)

(i) Fixed End (i) Internal Roller/Hinge suport
H B B
S

3. Verify and memorize the following BMDs
(i) Cantilever Beams

<jWo

==
Ralie v

(i) Simply Supported Beams

M 0 P l w/’
(5 > 5 % ,
e L 4

i et

-

P i CE

c~

wL?/8

Vg™ ==,

(=PL/4, ifa=b=L/2)
(iif) Beams with Overhang

%)Mo go1o) E golo) E

W S A

| L -ad | L - af | L L ad

—MOJ —Pa[ \"'~-~.\,_\Wa2/2

(iv) Beams with Internal Hinge

p
o | | 75 W -
S BB 5 BB B .

c 'da al{ Fal ol eI L 1 g |
,,.,Ipab/(am) F%ab/(am) ,."[wk?/s

S - ‘ \
e l.f’—Pac/(a+b) ~—wal/
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4, Qualitative BMDs
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Qualitative Deflected Shapes

1. The following figures show qualitative deflected shapes for the beams due to the applied loads.

() e (i) e e,
2 rolo AR & 2 .......... Z
o~ VAT T 7
(iv) l ............
DAY A -
Er o
= ]
W) e
— .
——
S Y R
............ -Q . o W
BEAEE 7
60 ..o ® T

(XI) 1 e e 2] (XII) - .
A A
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Moment-Curvature Relationship

o Assumptions:
,3;\ 1.Plane sections remain pl
NI .
s and perpendicular to NA
PIHINOANN 2. Deformations are small
IR N BTN ~ .
""'.‘\ 3Hookeds | aw i
"‘/’. ',,'I ' "". | ‘ "-‘\ .\. 4\ N

Ay

If NN’ = As and PP= As +Au

-~ If As— 0, Axial Straine,=Au/As—>du/ ds . éé. (

Also, Au =—y A6 = AU/As =-y AB/As éeéé(ii)

~.If As— 0, du/ds =y db/ds eéée(iii)

Also, Curvaturex = 1/R = db/ds

~EQ. ()= e=-yx eéé(iv)

Using stressstrain relationships, = o,/E and als@, = —My/l = -My/El = -y

.. Curvaturex = M/EI é éé(v), onemaurvature relationship
and Radius of Curvature, R=1# EI / M eéeée(vi)

From analytic geometry, = (d?v/dx®)/{1+(dv/dx)?} *?= d?v/dx?, if dv/dx — O

. (v) = dv/dx® = M/EI; i.e., = Bending Moment, Mt El d*v/dx? €. éé(vii)
Also, Shear ForeV = dM/dx= El d®v/dx®and Load w = dV/dx El d'v/dx*é é é ( vi i i )

Example Calculate the tip deflection of the cantilever beam shown below [Given: El = const].

W per unit length

El d'v/dx*= —w,

=>VKX) =-wox+C céeé. . (1) llll‘l“g
|
[

é é
= M(X) = -WeX/2 + G x + G, éééé. . (2) i"
V(0) =0= C,; =0 [from (1)], M(0) = 0= C, =0 [from (2)] L
= EIV(X) = -Wox/6 + G éééé. . (3) _
and Elv(x)= -Wox¥24 + Gx+C, éééé. . (4)
V(L) = 0= C3 = wo L¥6 [from (3)]
V(L) = 0= C, = -w,L%8 [from (4)]
~.Eq. @) = v(0) = G/EI = —w, LY/8EI e
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Calculation of Deflection using Singularity Functions

Singularity Functions
f(x) = <x—a>" = f(x) = 0, when x a; and f(x) =x-a>", when x> a [where r> 0]
~f(x) = <x-a>° = f(x) = 0, when x< a; and f(x) = 1, whe x> a

However<x—-a>" has no physical significance if<0, and is written only as a notation with an asterisk
(+) as subscript; e.g., f(x) &x-a> "

The integration and differentiation of singularity functions follow the rules for ordinary polynomial
functions; i.e.J<x—a>" dx = <x—a>"Y(n+1)+ C, and dx—a>")/dx = rex—a>""

e.g.J<x—a>?dx =<x-a>%¥3 + G and dx—a>d)/dx = xx—a>"

By definition, J<x—a>" dx = <x-a>"% + C,if n < 0;

e.g.J<x—a>"24 dx =<x-a>"% + C, andl<x—a>"% dx = <x-a>°+ C,

Singularity Functions for Common Loadings
Common loadings are expressed in terms of the following singularity functions

10k 20k 2kl 100 K
T l A Yy VvV VY y \
I | | | | | | / |
5 | 10 I [ 5 | 10 I [ 5 < 10 I
W(x) = 10x-0>"% —20<x-5>"% w(X) = —2<x-5>° w(X) = 100<x-5>"%

Examplel: Calculate the tip deflection of the cantilever beam shown below [Given: El = const].

El dv/dx'= w(x) = — Po<x—0>"% P,
= M(X) = —Py<x-0>+ C x + G, gééeé. . (2) 4

V(0) =0= C; =0 [from (1)], M(Q = 0= C, = 0 [from (2)]
= EIV(X) = -Py<x—0>%2 + G geéeée. . (3)
and Elv(x)= —-Py<x-0>*6 + Gx+C, é ééé . . ( 4)
V(L) = 0= C3= R, L%2 [from (3)]

v(L) = 0= C, = -P,L¥3 [from (4)]

- Eq. (4)= v(0) = G/EI = P, L%3ElI

= V(X) = — Po<x-0>"+ C, éééé. . (1) 1
|
|

Example 2 Calculate the mispan deflection of the simply supported beam shown below.

El d'v/dx*= w(x) = — Po<x-L/2>7% Po

S V(X) = Ppx-L/25%+ G, 6666.. (1) |

= MX) = -Py<x-L/2>*'+Cix+C, éééé. . (2) o | @
M(0) = 0= C, =0 [from (2)], M(L) = 0= C, = P,/2 [from (2)] I L/2 I L/2 I
= EIV/(X) = —Py<x-L/2>%2 + (PI2) XI2 + G geéeée. . (s)

and EV(X)= —Py<x-L/12>%6 + (P/2) XI6 + GXx+C, €éééé . . (4)

v(0) = 0= C, =0 [from (4)]

v(L) = 0= C;=-P,L%16 [from (4)]

~Eq. (4)= El v(L/2) = (P/2) (L/2§/6 + (-P,L¥16) L/I2= v(L/2) =P, L*48EI
Example 3 Derive equation of the deflected shape of the beam shown below.
W(X) = 10x—0>"%+ Rp<x=5>"1 —1<x-5>% +1<x-15>? + 0.15x—30>"

BCs: V(0) = 0, M(0) = 0, M(40) = 0, 10k 1 ks
v(5) = 0, v(40) = 0 t ﬁ| 1111 /(T/ﬂl.S K
L9 ’ 10, 15 | 10%
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Blc Ag Blc Aa o
|
|

15 % 5 15 2 5] —10

1.

|
[
Beaml Beam2 Beam3

Statically Determinate Beam with Overhang

EIVY(X) = W(X) = Re<xi 15>'% 1 10<xi 20>' .

ElvV”(X) = V(X) = Ra<xi 15>° 7 10<xi 20>°+ C,

Elv'(x) = M(X) = Rg<xi 155" 1 10<xi 20>"+ C;x + C,

EIV/(X) = S(X)= Re/2<xi 15521 5<xi 20>+ Cx%/2 + GX + C;
Elv(X) = D(X) = Ra/6<xi 15> 1 5/3<xi 2053+ Cx%6 + CGx%2 + Gx + C,4
M(0) = 0= C,=0

D(0)=0=C,=0

V(20)=0=>Rgi10+G=0

M(20) = 0= 5Rs + 20 G =0

D(15) =0=562.5G+ 15 G=0

Solving (7), (8), (9)=» C,=13.33, G= 125, R = 13.33

S EIV(X) = D(X) = 2.22xi 1551 1.66&xi 20>%1 0.555 X + 125x

Statically Indeterminate Beam with Overhang

EIVY(X) = w(X) = Re<xi 15>'% T 10<xi 20>' %

Elv'"(x) = V(X) = Rg<xi 15>° 1 10<xi 20>°+ C;

EIv'(x) = M(X) = Rg<xi 15511 10<xi 20>'+ C,x + C,

EIV/(X) = S(X)= Re/2<xi 15521 5<xi 2052+ Cx4/2 + GXx + G
Elv(X) = D(X) = Ra/6<xi 15> 1 5/3<xi 2053+ Cx%/6 + CGx%¥2 + Gx + G4
S(0)=0=C;=0

D(0)=0=C,=0

V(20) =0=> Rgi10+ G=0

M(20) = 0= 5Rs + 20 G + C,= 0

D(15) = 0= 562.5 G + 112.5G=0

Solving (7), (8), (9= C=15, G,=25, R =15

- Elv(x) = D(x) = 2.5xi 15>%1 1.66%xi 20>*7 0.833 X + 12.5x°

Statically Determinate Beam with Overhang & Internal Hinge

EIVY(X) = w(x) = Go<xi 10>'% +Rg<xi 15>' % 1 10<xi 20>

ElV”(X) = V(X) = Co<xi 10>'4 +Rg<xi 15521 10<xi 20>°+ C,

EIV(X) = M(X) = Co<Xi 10>' % +Rg<xi 1551 1 10<xi 20>+ C x + G,
EIV/(X) = S(X)= Co<xXi 105°+Rg/2<xi 15521 5<xi 2052+ Cx¥2 + Gx + G,
Elv(X) = D(X) = Co<Xi 10>™+Rg/6<xi 15>% 5/3<xi 20> +C,x%/6 +Cx%2 +Cyx +C4
S(0)=0=>C3=0

D0)=0=C4=0

V(20)=0=> Rgi10+G=0

M(10) = 0= 10 G + C,=0

M(20) = 0= 5Rs + 20 G + C,= 0

D(15) = 0= 562.5 G + 1125 G+ 5 G =0

Solving (7), (8), (9= C,=710, G= 100, R = 20; .. (10)= Cy=11125

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

(1)
()
®3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)

~EIV(X) = D(X) = i 11257 10> +3.33%xi 15>°11.66%xi 20>°11.667 ¥ + 50x* (12)
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Practice Problems on Beam Deflection

Calculate the deflection and rotation at point BfElonstant].

g A B

|

I |

I |
Calculate the deflection and rotation at point C$EI0,000 kft?].

100¢
A |D B C

= 5 S % 10

Calculate the deflection at C and the rotation at AHEbnstant].

P/21 lP/Z
A ’ B C D E
L/3 | L/3 | L/3 |
|
L/2 !
Calculate the deflection at#nd the rotation at B [Et 40,000 kft?].
2k 1"
A l B C l D
| :-"..-"..-’T'b % |
oy 6 g
Calculate the deflection at A [l = 40,000 kit?, Elgc = 20,000 kft?].
2
A @B 7 C
L3 | 6 |

Calculate the deflection at[Elas = Elpe = El, Elgcp = 2EI].

P
£
Azes B C |D “E
w3 " w3 " w3 |

[
| L2 |
[ |

Calculate the deflection at D [El = constant].

|

<~

"B

L L2
[
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9. Calculate the deflection at C and the rotation at B [El= 40,00%).k

AT 18

-

i 10 | 5

| I I
10. Calculate the deflection at B and rotations at the left and right of B [El = 4080 k

11. Calculate the deflection at C [El = constant].
P

A Bl CC DE
A

st | | |
w2 o2 | L |

12. Calculate the deflection at B and rotations at the left and right Bf B fonstant].

w/unit length
Ay v v VY v V v ,LB CE

— ——

13. Calculate the reaction at support B [El = constant].
10¢
lA B CE
|
|

I 5 ﬁlr'ﬂ 15

14. Calculate the deflection at B [El = constant].

T

F
c@ iD

U o L

15. Calcuhte the deflection at B and the rotation at C [El= 40,066 k

1.5 k/ft
y yC

Aa By v v v v

| 10 | 10 e
| | |
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Beam Deflection Solutions using i8gularity Functions

2. Calculate the deflection and rotation at point B [El = constant].

AE:-‘I ~ B
A

I

|

EIVY(X) = W(X) = Mo<xi L>'2

EV"(X) = V(X) = Mg<Xi L>'% + C, (1)
ElV'(X) = M(X) = Mo<xi L>°+ C x + G, (2)
EIV/(X) = S(X)= Mo<xi L>'+ Cx%2 + Gx + G €))
Elv(x) = D(X) = Mo<xi L>%2 + CGx°/6 + CGX/2 + Gx + C4 4)

S(0) = 0= C4= 0; D(0) = 0=> C,= 0; V(L) = 0= C, = 0 (5~7)
M(L) = 0= Mo+ G L+C,=0= C,=1M, (8)

S EIV(X) = D(X) = Mo<xXi L>%2 1 Mox%2 9)
~ENV(X) = S(X)= Mg<xi L>* T Mox (10)

- V(L) =1 MoL%Y2EL; V(L) = i Mo L/EI (11~12)

[Instead of V(L) = 0 and M(L) = 0O,
one can USEFy =0=> RA = C]_: O,ZMA =0=> C2+ Moz 0= C2=.|. Mo]

3. Calculate the deflection and rotation at point C [El = 40,068]k
100¢

lD B C

A
% S S @ 10
I

EIVY(x) = w(x) =i 100<xi 5>'% + Rg<xi 10>

Elv”(X) = V(X) = 1 100<xi 55° + Rg<xi 10>°+ C; (1)
Elv’(X) = M(X) = 7 100<xi 55" + Rg<xi 10>+ C,x + G, (2)
EIV/(X) = S(X)= 1 50<xi 5>° + Rg<xi 10542 + Cx*/2 + GXx + G (3)
Elv(x) = D(X) = 1 50<xi 5>%3 + Re<xi 10>%6 + Cx°/6 + GX*/2 + GXx + C; (4)
M(0) = 0= C,= 0: D(0) = 0= C,= 0: V(20) =i 100 + R, + C, = 0 (5~7)
M(20) = 0= 11500 + 10 B+ 20 G = 0 (8)
D(10) = 0= 2083.33 + 166.67 G+ 10 G =0 (9)
Solving (7), (8)= C, = 50, R = 50 (10)
~(9)= C3=1 625 (11)
EIV(X) = D(X) = i 16.6%xi 5>% + 8.3%xi 10>% + 8.33 X1 625x (12)
EIV/(X) = S(X)=150<xi 5> + 25<xi 10>* + 25x* i 625 (13)
v(20) = 6250/40,000 = 0.156 ft,/(20) = 625/40,000 = 0.0156 rad (14~15)

[Instead of M(0) = 0, V(20) = 0 and M(20) = 0,
one can usM, =0=100x 57 10 Rs= 0= Rz =50; A is hinged end> C, = 0;
2F,=0= C;+ Rs = 100= C; = 1007 50 = 50]
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4. Calculate the deflection at C and the rotation at A [El = constant].

PR P/2
"
A B C D E
L/3 | L/3 | L/3 |
|
L/2 !
ENVY(X) = w(X) =i P/2<xiL/3>'% i P/2<xi2L/3>"%
EIV'(x) = V(X) =1 P/2<xi LI3>%1 PR<xi2L/3>°+ C, (1)
EV'(X) = M(X) =7 P/2<xi LI3>'1 P/2<xi 2L/3>'+ C;x + G, (2)
EIV/(X) = S(X)=1 P/&xi LI3>%21 P/2<xi 2L/3>%2 + CxX*2 + Gx + G, (3)
Elv(x) = D(X) = P/2xi LI3>%61 P/2<xi2L/3>%6 + Cx%6 + CGx¥2 + GXx +C,  (4)
M(0) = 0= C,=0; D(0) = 0= C,=0; M(L) = 0= C, = P/2 (5~7)
D(L) =7 8 PL¥324i PL%324 + P/12 + GL=0=C;=1 PLY18 (8)
Elv(x) = D(X)=1 P/2<xi L/3>%61 P/xi2L/3>%6 + PX/12i PL*/18 (9)

D(L/2) =i P/2 (L%/216)/6 + PE/967 PL%36 = v(L/2) =i 23PL%1296EI

[Instead of M(0) = 0 and M(L) = 0,
one can useMeg=0= C, LT (P/2) 2L/3i (P/2) L/I3 = 0= C, = P/2; A is hinged end> C, = 0]

5. Calculate the deflection at A and the rotation at B [El = 40,00 .k

2K 1X
Al B C 1D
e 2
e
o

| 2/ | 6/ I 4/ I

EVY(X) = w(x) =7 2<xi 0>' % + Ra<xi 2>' L + Re<xi 8541 1<xi 12>

ElV”(X)= V(X) =T 2<xi 0> + Rg<xi 25%+ Re<xi 8>°1 1<xi 125°+ C, 1)
EV/(X)= M(X) =T 2<xi 0>' + Rg<xi 251 + Re<xi 8511 1<xi 12>'+ C,x + G, (2)
EIV/(X)= S(X)= T <xi 0>% +Rg<Xi 2>%2 +Rc<xXi 8>/21 1<xi 12572 +Cx°12 +Cx +C; (3)
Elv(x)=D(x) =i <xi 0>*/3 +Rg <xi 2>%6 + Re<xi 8>%/61 1<xi 12>%6 + Cx%6 + GxX?/2 + Gx + C; (4)
V(0) = 0= C;=0; M(0) = 0= C,=0; V(12) =i 2+ Rs+ Rci 1= 0= Rg+ Rc= 3 (5~7)
M(12) =i 24+ 10 R+4R=0=>10 R+ 4 R.=24 (8)
Solving (7), 8= Rs=2,R-=1 (9)
D(2) =i 8/3 + 2G + C,= 0; D(8) =i 512/3 + 36R + 8C;+ C,= 0= 8C;+ C,= 296/3 (10~11)
Solving (10), (11 C;= 16, G=1 88/3 (12)
EIV/(X) = S(X)= T <Xi 0>2 +<xi 2> +1<xi 85421 1<xi 12>%/2 +16 (13)
v(0) = C,/40000 =i 7.33x 10* ft (14)
V'(2) = (i 4 +16)/40000 = 3 x 10* rad (15)

[Instead of V(0) = 0, M(0) =0, one can use Ais freeenf,=C;=0and M =C,=0.
AlsO>Mc=0=12x8+Rx6+1x4=0=>Rs=2;2F,=0=>Rg+Rc=3=>Rc =31 2=1]
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8. Calculate the deflection at D [El = constant].

F’ |
|
A @ B é*c D
| L/2 | L/2 | L/2 |
EVY(X) = w(X) =i P<xi L/2>"% + Ro<xi L>'% 1 P<xi 3L/2>"%
EIV(X) = V(X) =1 P<xi L/2>°+ Re<xi L>%1 P<xi 3L/2>%+ C, (1)
EIV'(X) = M(X) =T P<xi L/2>"+ Re<xi L>% P<xi 3L/2>'+ C,x + G, (2)
EIV/(X) = S(X)=1 P<xi L/2>%/2 + Re<xi L>%21 P<xi 3L/2>%2 + CX%2 + Gx + G, ()
Elv(x) = D(X) =i P<xiL/2>%6 + Re<xi L>%61 P<xi3L/2>%6 + Cx%/6 + Gx¥2 + Gx + C4 (4)
M(0) = 0= C,=0; D(0) = 0= C,=0; V(3L/2) = 0= R+ C,; =2 P (5~7)
M(@3L/2)=0=1 P L +RcL/2+(3L/2) G=0 (8)
Solving (7), (8= Rc= 2P, G=0 (9)
D(L) =7 PL¥48 + GL = 0= C; = PL%48 (10)
Elv(x) = D(X) =i P<xiL/2>%6 + Rexi L>Y31 P<xi 3L/2>%6 + PL?x/48 (11)
v(3L/2) = (i PL%6 + PL%24 + PI%/32)/El =i 3 PL%/32 EI (12)

[Instead of M(0) = 0, V(3L/2) = 0 and M(3L/2) = 0, one can use
Ais hinged end> C,=0;>Mc=0=C; L + (P) L/2T (P) L/I2=0=C,=0;
>F,=0= C;+ Rc=2P= Rc = 2P]

9. Calculate the deflection at C atite rotation at B [El = 40,000¢%.

2k

A Huugm 1e
10 |’5'

s

EIVY(X) = w(x) =i 1<xi 0>° + 1<xi 105+ Rg<xi 10>'% + 2<xi 15>'%

Elv”(X) = V(X) = 1 1<xi 0> + 1<xi 10>+ Ra<xi 105+ 2<xi 155°+ C, D)
EIV’(X) = M(X) = T <Xi 0572 + <xi 10>%/2 + Rs <xi 10>*+ 2<xi 15>+ C;x + G, (2)
EIV(X) = S(X)=1<xXi 0>¥6 + <xi 10>%/6 + Rs<xi 10>%/2 + <xi 15> + Cx%2 + Gx + C; (3)
EIv(x)=D(x) =i <xi 0>4/24+<xi 10>"/24+Rg<xi 10>%/6+<xi 15>*/3+Cx¥6+Cx2+Csx+ C;  (4)
M(0) = 0=> C,= 0: D(0) = 0= C,= 0; V(15) =i 15+ 5+ R+ C,+ 2= 0= R+ C,=8  (5~7)

M(15) =i112.5 125+5R+15G=0=5Rs + 15 G = 100 (8)

Solving (7), (8= Rg=2,G=6 (9)

D(10) =i 1024 + 6x 10%6 + 10 G= 0= C; =158.33 (10)
EIV/(X) = S(X)=1x/6 +<xi 105%6 +<xi 10> + <xi 15> + 3| 58.33 (11)
Elv(x) = D(X) = 1 x¥24 +<xi 10>"24 +<xi 10>*/3 + <xi 15>%3 + i 58.33x (12)
v/(10)= (i 10006 + 300i 58.33)/40000 = 1.828.0° rad (13)
v(15)= (i 50625/24 + 625/24 + 125/3 + 337 B75)/40000 = 11.4610° ft (14)

[Instead of M(0) = 0, V(15) = 0 and M(15) = 0, one can use
Ais hinged end> C,=0;>Mg=0=10 G (1x10) 51 2x5=0= C, = 6;
2R=0=>C+Rg7 10+2=0=>Rg=2]
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10. Calculate the deflection at B and rotations at the left and right of B [El = 40;8€]0 k

11.

A
5 | o |
I I
EIVY(X) = W(X) =T 2<xi 5>'" + Coexi 5>'% + Re<xi 10>'%
Elv(x) = V(X) = 1 2<xi 55° + Cy<xi 5>__' %+ Re<xi 1052+ C;
EIV'(x) = M(X) = T 2<xi 55" + Go<xi 5>'% + Re<xi 101+ Crx + G
EIV'(X) = S(X)= T <Xi 5>° + Co<xXi 5>°+ Re<xi 10>%/2 + CX°/2 + Gx + G

\¥J

A B Zic FoleXs)
|
|

Elv(x) = D(X) = T <xi 55%/3 + Gy<xi 55"+ Re<xi 10>%/6 + Cx¥/6 + Gx¥2 + Gx + C,4

M(0) = 0= C,=0; D(0) = 0= C,=0; M(5) =0+ 5G=0=C,=0
M(15) =120 +5 Re= 0= R. = 4

D(10) =1 41.67+5 @+ 10 G=0; D(15) =i 333.33 + 10 ¢+ 83.33+15¢=0

Solving (8), (9= C;=133.33, G=75
EIV/(X) = S(X)= T <xi 552 + 75<xi 5>+ 2<xi 10>?i 33.33
Elv(x) = D(X) = T <xi 5>%/3 + 75<xi 5>+ 2<xi 10>%3 7 33.33x

V'(5;) = (i 33.33)/40000 % 8.33<10° rad; V(5.) = (i 33.33 + 75)/40000 = 1.640° rad

v(5) = (i 166.67)/40000 ¥ 4.1710° ft

[Instead of M(0) = 0, M(5) = 0 ahM(15) = 0, one can use
Ais hinged end> C,=0;2BMz=0=>C;x5=0=C,;=0;
>Mp=0= Rcx51 2x1071 C; x15 = 0= Rc = 4]
Calculate the deflection at C [El = constant].

P

A Bl CC D

R

g | |
[ w2 T w2 | L

EVY(X) = w(x) =i P<xi L/2>"% + Co<xi L>"

EIV"(X) = V(X) = T P<xi LI2>° + Cy<xi L>'% + C;

EIV'/(X) = M(X) = T P<xi L/2>" + Co<xi L>' 5% + C x + G,

EIV(X) = S(X)=1P<xi L/2>%/2 + G<xXi L>°+ Cx%/2 + Gx + G

Elv(x) = D(X) = i P<xi L/2>%/6 + G<xi L>*+ Cx%6 + Cx%2 + Gx + C,4
M0)=0=>C,=0;D(0)=0=C4=0;M(L) =T PLI2+GL=0=>C,=P/2
S(2L) =i 9PL%/8 + G+ PL*+ C;= 0= Cy+ C; = PL%8

D(2L) =i 9PL¥16 + G L +2PL%3 + 2GL = 0= C,+2C; = i 5PL%48
Solving (8), (9= C;=i 11 PL%/48, G =17 P1%48

Elv(x) = D(X) = i P<xi L/2>%6 + 17 PE<xi L>Y/48+ Px/12i 11 PL*x/48
v(L) = (i PL¥48 + P1%121 11 PL¥/48)/El =i PL¥/6EI

[Instead of M(0) = 0 and M(L) = 0, one can use
Ais hinged end> C,=0;2BMc=0=C;x LT PxL/2=0= C,=P/2]
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(1)
()
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(5~7)
(8)
(9)
(10)
(11)
(12)



12.

13.

Calculate the deflection at B and rotations at the left and right of 8 §&nstant].

w/unit length
JL R ,LB CE

. -
EVY(X) = w(x) =7 w<xi 0>° + wxi L>° + Cy<xi L>"3
ElV'(X) = V(X) =T w<xi 0> + w<xi L>' + Co<xi L>'% + C;
EIV'(X) = M(X) =T W<xi 0>%2 + wxi L>%/2 + G<xiL>'% + Cx + G,
EIV/(X) = S(X)=1 w<xi 0>%6 + w<xi L>%6 + G<xi L>"+ C,x%2 + Gx + G,
Elv(x) = D(X) =T w<xi 0>%24 + wexi L>Y24 + G<xi L>'+ C,x%/6 + GX?/2 + GXx + C,
M(0) = 0= C,=0; D(0) =0=C,=0; M(L) =1 WL2+ G L=0=C,=wL/2
S(2L) =i 8 wL¥6 + wL%¥6 + G +wWL3+ C;= 0= Cy+Cy = WLY6
D(2L) =716 wLY24 + wL24 + G L + 8 wLY/12 +2C,L = 0= C,+2C; =T wL%24
Solving (8), (9= C;=i 5wL%24, G=3wL¥/8
EIV(X) = S(X)=T Wx¥/6 + w<xi L>%6 + 3 wli<xi L>Y8+ wL x4 5wL%24
Elv(x) = D(X) =T wx¥24 + wexi L>%24 + 3 wlB<xi L>Y8+ wL x¥/127 5wL3x/24
V/(Li) = (i wL¥6 + wL¥4 7 5wL3/24)/El =i wL%8EI
V/(Ls) = (1 wL¥8 + 3 wL¥/8)/EI = wLY/4EI
v(L) = (i wLY24 + wL7121 5wLY24)/El =i wL*/6 ElI

ArvL

[Instead of M(0) = 0 and M(L) = O, onercaise
Ais hinged end> C,=0;2BMg=0=C;x LT wLx L/I2=0= C;=wL/2]

Calculate the reaction at support B [El = constant].

10¢

lA B CE

=B s
EVY(X) = w(X) =i 10<xi 0>'% + Rg<xi 5>'%
Elv(X) = V(X) = 1 10<xi 0>° + Rg<xi 55"+ C,
Elv’(X) = M(X) = 7 10<xi 0> + Rg<xi 5>+ C;x + C,
EIV/(X) = S(X)=15<xi 0>° + Rg<xXi 5542 + G %2 + Gx + C;
Elv(x) = D(X) = i 5<xi 0>%3 + Re<xi 55%6 + C,x%6 + CGx%2 + Gx + C,
V(0) = 0= C,= 0; M(0) = 0= C,= 0
D(5) =71 208.33+5 G+ C,=0= 5C; + C, = 208.33
S(20) =12000 + 1125 R+ C;= 0= C3;+ 112.5 R = 200
D(20) =1 40000/3 +5625R+20 G+ C;=0=>20G + C, + 562.5 R =13333.33
Solving (7~9)= C;=312.5, G=11354.17, R= 15

[Statically Indeterminate Structure]
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14.

15.

Calculate the deflection at B [EI = constant].

p
VT L !

EVY(X) = w(X) =i P<xi L/2>"% + Re<xi L>'%

Elv'(x) = V(X) =1 P<xi L/2>° + Re<xi L>% + C

EIV'(X) = M(X) = i P<xi L/2>" + Re<xi L>'+ C x + G,

EIV/(X) = S(X)= 1 P<xi L/2>%2 + Re<Xi L>%2 + CX/2 + Gx + G,

Elv(x) = D(X) = | P<xi L/2>%6 + Re<xi L>%/6+ Cx%6 + GX%2 + Gx + C,
M(0) =0= C,=0; D(0) = 0= C,=0

M(2L) =i3PL/2+RL +2C, L=0= Rc+ 2C = 3P/2

D(L) =i PL¥48 + GL%6 + GL=0= C,L%6+C;= PL%48

D(2L) =19PL%16 + R.L*6 + 8GL%6 + 2GL = 0= RcL?6 + 4G L%3 +2G= 9PL¥16
Solving (7~9)= Rc = 11 P/16; = 13 P/32; G=13PL?/64

Elv(x) = D(X) =T P<xi L/2>%6 + 11 Rxi L>%96+ 13 PX/1921 3PL*x/64
v(L/2) = (13 PL%/15361 3 PL%/128)/EI =i 23 PL3/1536 El

[Statically Indeterminate 8tcture]

Calculate the deflection at B and the rotation at C [El = 40,00%).k

1.5 k/ft
y yC

Aa By vy

| 10 | 10 7
EIVY(x) = w(x) =i 1.5<xi 10>°
ElvV'(x) = V(X) =11.5<xi 10> +
Elv'(x) = M(x) =T1.5<xi 10572 + G x + G,
EIV'(X) = S(X)=11.5<xi 10>%6 + C,x%/2 + Gx + C;
Elv(x) = D(X) =i 1.5<xi 105%/24 + G x%6 + Gx¥2 + Gx + C4
S(0) = 0= C3=0; D(0) = 0= C4,=0
M(20) =i75+20 G+ C,=0=>20 G+ C,= 75
D(20) =i 625 + 1333.33 G+ 200 G= 0= 1333.33 G+ 200 G = 625
Solving (7), (8)= C,=5.39, G=132.81
EIV/(x) = S(X)=11.5<xi 10>%6 + 5.39x%/2 i 32.81x
Elv(x) = D(X) = i 1.5<xi 10>%/24 + 5.39%/6 1 32.81x%/2
V/(20) = (i 250 + 1078 656.2)/40000 = 4.29710° rad
v(10) = (898.44i 1640.62)/40000 #18.55:10° ft

[Statically Indeterminate Structure]
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Moment-Area Theorems

The momenturvature relationshipg> Curvature = M/EI
For small deflection and slope, Curvaterd®v/dx*= dd/dx

~.do/dx = M/El = d6 = (M/EI) dx céeéeeeeéeé. (i)
Integrating Eq(i) between A and B> [ d8 = | (M/EI) dx
=05-0,=/(M/El)dx,wheref/i s i ntegration between A and B

Eq. (i) > The area under (M/EI) diagram between the points A and B is equal to the change of slope
between two points. This is tH& MomentArea Theorem.

Multiplying both sides of Eq. (i) by x> x d6 = x (M/EI) dx eéeééeeéeé(iii)
Integrating Eq. (jii) between A and=B [ x do = | x (M/EI) dx
= (Xs — Xa) O — (Ve —Va) =/ x (M/El) dx, wherdli s i nt egration be.iyween A and

The figure at right shows the geome
significance of various terms in Eq. (iv).
-.EqQ. (iv) = The moment of the area un
(M/EI) diagram between the points A an
(i.e.,] x (M/EI) dx) equals to theeflectior
of A with respect to the tangent at B; i
tag. This is the ¥ MomentArea Theorem

Example 1 Calculate the tip rotation and deflection of the cantilever beam shown below [El = const].

0g — 05 = Area of M/EI diagram between A an B Po
= (- PoL/EI) x L/2 =— P,L%2El l 5
— 0= P)LY2E] 6ééé. . (1) A ;
| ;
(X — Xa) 05 — (Vs — Va) = (= PoL/EI) x L/2 x 2L/3 | L
=L x0—-0+v=— PLY3E
= va=— PL¥3EI ¢ééé. . (2) ~PoL/EI

Example 2 Calculate the end rotation and midspan deflection of the simply suppededshown below.

05 — B4 = (PL/AEI) x L/2 = RL¥8EI éééé. . (1)
(Xg — Xa) 05 — (Vg — Va) = (RL/4AEI) x L/2 x L/2 A B
— L 65— 0+0 = RLY16EI o | 2
— 0g= PLY16El; ~.EQ. (1)=>0,=-PL¥ 16 EI ééé. [ {2 | 2

(Xc— Xa) Oc — (Ve — Va) = (PL/4EI) x L/4 x L/3 N
= L/2x0 - vc+ 0 =RL¥48EI PoL/AEl™
= Ve = — PoL¥48EI

7

M-
()

M-
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7Y
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’
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1. Calculate y using the momerdrea theorems [Rd = 40,000 kft?, Elgc = 20,000 kft?.

2
(XC — XB) ec - (VC — VB) = (—450)>< 104 x 6/2 x 6/3 A B C
= 60c - 0+0=-27x10" o) >
= 0c =-4.50< 10*rad Eéééé. ( | ﬁfﬂ |
3 6
Bc— 0 = (-4.50)x 10* x 6/2
= 0g = 9.00x 10* rad eéeéé. ( . 1 M/EI
Tl -7 | (10%rad/ft)
(Xg — Xa) O — (Vg — Va) = (-2.25)x 10% x 3/3x 2.25 298
= 3x 9.00x 10* - 0 + v, =-5.06x 10*
=V =-3.21x10°ft=-0. 0385 i n “4.50
2. Calculatédc), O+ and \& using the momerdrea theorems [El = constant].
P

(Xp — Xc) Op — (Vp — V¢) = (PL/2EI) x L/2 x 2L/3 c
=L x 00 + ¢ =-PLY6El , ls o =l
= vc = —PL%6EI eééeéé. ( , |

| | |

[ [ I |
05 — Ocee = ((PLI2El) x L/2 L2 L2 L
= B¢y = PL/AE] géééeé. ( PL/AEI
(XC—XA) GC(_)—(VC—VA)=(PL/4EI)>< L/2 x L/2 -"’/ [ \'\\ —
= L x Oy — (-PL¥6EI) + 0 = PLY/16EI
= O¢(y = -5PL*/48E| gééée. ( Sl

:PLIZEI

3. Calculate Rand \ using the momerarea theorems [El = constant = 40,008°k

10¢
(Xc = Xg) Oc — (Ve — Vg) l
= {(15 Rz — 200)x 15/2x 10— 50 x 15/2x 5}/EI A B CE

— 15x 0- 0 + 0 = {(15 R — 200)- 25}x 75/El

= Rg = 15 kips | | |
5 15
(Xc = Xa) Bc — (Vo — Va) 15R/EI
={225x 15/2x (10 + 5)- 200x 20/2x 40/3YEl | | -7 '
= 20x 0— 0 + Vs = {(15 Rg— 200)- 25}x 75/El e
= Vs =-0.0339 ft = 0.406 in e ‘
~200/El
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Beam Deflection Solutions using MomenArea Theorems
2. Calculate the deflection and rotation at point B [El = constant].

/ A
L MO L e H _MO/EI

Between Aand B9, =0,ww=0
. 1% theorem= 05 -0 = Lx (-My/El) =—MoL/El = 05 = -M,L/El ééé. (1)
and 2° theorem= LOg —Vg + Va = (Mg L/EI) x LI2 =—MoL%2El = vg = -M¢L¥ 2 E |

3. Calculate the deflection and rotation at point C [El = 40,068]k

100 6.25x 10°° rad/ft
A_Db} B o el
7 £
S % 10 | 2
! | ! !

Between A and B,A=0,vg =0

- 1%'theorem= 05 —0, = 10/2x 6.25x 10°= 31.25x 10~ ééé. (1)
and 2°theorem= 1005 Vg + v = 31.25(10° x 10/2= 65 = 15.63x 10 rad ééé. (2)
Between B and G)s = 15.63x 10°rad, w = 0
. 1*'theorem= 6. —0g = 0= O¢ = 0.0156 rad ¢éé. (3)
and 29theorem= 106.-V¢ + Vg = 0= v = 0.156 ft 6éé. (4)
4. Calculate the deflection at C and the rotation at A [El = constant].
P/21 l P/2 F’L/GE'F’L/GEI
A E . - : ~y
= B C D fole} = :
’—L/3 —L3—f—Lz—F" s
I
| L/2 !
Using symmetry between A and G,%0,6c=0
. 1°'theorem= 0c—04 = L/6 x PL/6EI + L/6x PL/6EI= PLY18El= 6, = —PL%/18E |
and 2° theorem= (L/2) 0c— v+ va= PL%36 Ek (2L/9) + P1%/36 Elx (L/3+L/12) = 23 P1%/1296 EI
= V¢ = -23 PL¥/1296 El 6éé. (2)
5. Calculate the deflection at A and the rotation at B [El = 40,00 .k
2k 1¥
A 1 B C l D
2 ) B2 Y
I 2, I 6’ I 4, I _104 ;;é.a./.ﬁ.....................:5:‘0_4 rad/ft
Between Band Cp =0, v =0
. 1% theorem= 0c—0g = 6x (-10% =—6 x 10 €éé. (1)
and 2° theorem= 6 0c—Vc + Vg = (-6 x 10°%) x 6/2= 06c = -3 x 10 rad ééé. (2)
~(1)=>05=3x10"rad ... eé .

Between A and B9z =3x 10*rad, w =0
- 1%'theorem= 050, = 2/2x (-10%) =-10* =0, = 4x 10*rad
and 29theorem= 20 —Vg + Vo = 10" x 4/3= v, = -7.33x 107 ft

D D
D D
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7. Calculate the deflection at C [fgl= Elpe = El, Elscp = 2EI].
p PL/6EI ‘
w3 oy 1 L3
| |
! L/2 !
Using symmetry between A and G, 0,6c=0
. 1% theorem= 0c—0,= L/4xPL/SEI + L/6<PL/12E|= PL%/32EI + P14/ 72El
= 0, = -13PL?/288EI ééé. (1)
and 2° theorem= (L/2) 0c— vc + va= PL¥32 Ek (L/3) + PL%72 Ek (2L/9) = 35 PL}/2592 El
= Ve = -35PL%/2592 El geé. (2)
8. Calculate the deflection at D [El @ustant].
P lp
A58 B 7 c D 8 @ B
L2 | U2 | 2 e
I I I | —PL/2EI
Between Aand C,o= 0, =0
. 1% theorem= 0. -6, = L/4 x (-PL/2EI) =—PL%8El eée. (1)
and 2° theorem= LOc—Vc + Va = (-PL%8EI) x (L/2 + L/3) = 0¢c = -5PL%/48EI éeé. (2)
Between C and Dic = -5PL%48El, =0
. 1% theorem= 0p —60¢ = L/4 x (-PL/2El) =—PL%8El = 65 =11 PL%48 EI éeé. (3)
and 2“theorem= (L/2) 6p—Vp + V¢ = (-PLY8EI) x L/6 = v, = -3PL¥32 El ééé. (4)
9. Calculate the deflection at C and the rotation at B [El = 40,00%).k
“““““ .
1 kift T 5 7313107 ‘f____...'::.-,.?_;?xm raa/ft
Ay v v v v vy yB c R e
10 2 5 oo} >
i |
Between Aand B,#=0,%w =0
. 1% theorem= 05 —0,= 10/2x2.5¢10 *+20/3x 3.13x 10“= (1.25 +2.08)10°=3.33x10% . . . . ( 1
and 29theorem= 1095 — Vg + Vo= 1.25x 10°x 20/3+ 2.08x 10°3x 5= 05=1.875103%r ad . . é.
Between B and (g = 1.87510°rad, v =0
- 1% theorem= 0c—0g = 5/2x2.5¢<10* = 6.25¢<10* = 6. = 2.5x 10 °rad ééé. (3)
and 2° theorem= 50c—Vc + Vg = 6.2510*x 5/3= v = 11.46x 107 ft ééé. (4)
10. Calculate the deflection at B and rotations at the left and right of B [El = 4080 k
2k
A B C 5 _
7 A e 2 4
i-"'l..-'"ﬁ 5 ! 5 l'f,rﬂ 5 > lﬁ ‘;ﬁé ......... %:‘ “““““ Q
- 4
Between C and D,a= 0, b, = 0 —2.5<10"" rad/ft
. 1% theorem= 0 —0c = 5/2x(-2.5¢10%) = -6.25x 10* éeé. ... (1)
and 29 theorem= 50p — Vp + Ve = —6.25x 10%x 5/3= 0p=-2.08x 10*rad eé. . .e. (2)
(1) = 0c=4.17x 10*rad ... éé. (1)
Between B and Q)c = 4.1%10%rad, v« =0
- 1*theorem= 0c 0y = 5/2x(-2.5¢10°%) = —6.25¢10* = 0gy = 1.04x 10°rad ééé. (3)
and2" theorem= 50c—Vc + Vg = —6.25x107*x 10/3= vg = —4.17x 10 ft eéé. (4)
Between A and B,y= 0, s = —4.17%10° ft
. 2" theorem=> 50g( ) Vg + Va = 0= 05, =-8.33x 10 rad géé. (5)
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12. Calculatethe deflection at B and rotations at the left and right of B [El = constant].

w/unit length

WL2/8EI
Ay ¥ YV V¥ V,J\B CE ....................... S E
e L | L | e :
! ! ! ~wLZ2El
Between Band G¢c=0,w=0
- 1% theorem O¢ - Oy = L/2 x(-WL%2El) =-wWL¥4El = 0g(.) = WLY4EI ééé. . (1)
and 2° theorem= LOc— Ve + Vg = ~-WLY4EI x 2L/3 = vg = ~WL/6ElI ée...é.(2)
Between A and B, y= 0, & = -wL*/6El
. 2" theorem= L8g) Vs + Va = 2L/3x (WL*/8EI)x L/2 = 05, = ~WL8EI ... 666.(3)
14. Calculate the deflection at B [El = constant].
T RyLE]
A8 B cH N o b
TN & L I 772 T
! ! ! _PLI2E]
Between Aand C,,.=0,vc=0
- 1% theorems 0c—0, = L/2 x(RAL/EI) + L/4 x (~PL/2EI) = R\L¥2E|-PL%8EI ééeé. ... (1
and 29theorem= LOc —Vc +Va =RAL%/2EIx2L/3-PL%/8EIx5L/6 = 6c= R\L%/3EI-5PL% 4 8 EIl . . é .
Between Cand D,a=0,%w =0
. 1% theorems 0p —6c = L/2 x(RAL/EI) + L/2 x (-PL/2EI) = R\L¥2E| -PL%4EI (3)

eee. . . .
and 2° theorem= LOp—Vp +Vec = RA\LY2EIXL/3-PLY4EIXLI3 = 6p= R\LY6E-PLY 12 EI é. . é. ( 4
.(2~4)= (RALYBEI-PLY12El) - (RaL¥3EI-5PL%/48E|)= RAL%/2E| -PL¥4EI

= —2R\L%3EI =-13PL%/48E|= R, = 13 P/32 ... é.é.(5)
~.(2) = 6= PL%32EI .. é. . é.(6)
Between B and Gjc= PL%/32El, = 0 13 PL/32EI

2" theorem= (L/2)0¢c V¢ +vg = —PL%/8EIxL/3
+13PL%128EkL/4 +13PI%/256EKL/3

= PL%/1536 El o - B 0 T P
= Vg =23 PL/1536 El ée. .. . == T e
_PL/2EI

15. Calculate the deflection at B and the rotation at C [El = 40,00%).k

1.5 k/ft
By v

N e
10 | 10 , e 2

ot
e
[
. .t
H [
[
Py
.
Py
.
o
.
,-
=

A

oty

Between Aand G, =0,vw=0,-«=0
- 1% theorem 6c—0, = 10x (-18.75x 107 + 10/2x (-37.5x 10™%) + 10/3x (-18.75x 107
+20/2x (5R; x 10%) =-187.5x 10* -187.5x 10* -62.5x 10* + 50R. x 10°*
= 0c=-437.5x 10*+ 50 R- x 10* ééé. ... (1)
and 2° theorem= 200 — Vo + Va = —187.5x 10%x 5-187.5x 10*x 10/3-62.5x 10“x 12.5
+ 50R: x 10*x 20/3
= 0c=-46.8810"-31.25¢10"-39.06<10 “+16.67R x10*=-117.1%10"+16.67TRx10* é é ( 2)

~(1,2)=-4375x 10*+50 R x 10*=-117.19x 10* + 16.67Rx10°=Rc= 9. 61 ki ps
~.(1,3)= 0c=-437.5x 10*+ 480.5x 10* = 4.297x 10 °rad é€é. . é(4)
Between B and Q)c= 4.297x 103%rad, =0
. 2" theorem= 100 -V +vs=10/2¢(24.03x 10*)x10/3+10/%(~18.75x 10*)x10/4=244.25¢ 10°*

= vg=-18.55x 107 ft éé..é(5)
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Conjugate Beam Method

From momencurvature relationship, Curvature= M/EI = d?v/dx? eeéée (i)

. Sloped = dv/dx= [ (M/EI) dx, and Deflection v 6 dx = [{J (M/EI) dx} dx éééé. .. (ii)
On the other hand, if w is the load per unit length,

Shear Force V #w dx and Bending Moment M BV dx = [{] w dx} dx éééé. . (iii)

From the analogy of equations (ii) and (iii), if w is replaced by M/EI, the shear force V and bending moment
M can be considered to be equivalent to skbpad deflection v respectively.
However, such equivalence should be represented in the supportiaendis well, which should be

modi fied to form a 6conjugate6 of the original be
Original Beam Conjugate Beam

(a) e ——— a_ ....................

Free endd =0, v=0 Fixed end: V=0, M= 0

(O S —— SR

Fixedend9=0,v=0 Freeend:V=0,M=0

©) 5 -------------------- 5 ....................

o T S

brrlA

Internal Supportd =0, v=0 Internal Hinge: V=0, M = 0

(e) —O—e e
g.

Internal Hinge® =0, v=0 Internal Support: \=0, M= 0
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1. Calculatéc, 8, Va using Conjugate Beam Method fgI= 40x10° k-ft?, Elgc = 20x10° k-ft?).

ot Bl Cl

4.50% 10*

Conjugate Beam loaded by M/

24
g Y -
| 3 | 5 |
| == | | M/E|
‘ (10* rad/ft)
—2.25

e

-4.50

BMag; = 0 (right)=> — Rc1 x 6 + 4.50x 10 x 6/2x 6/3 =0 = R¢; = 4.50< 10*r a d
YFy=0=> Ra; — 2.25x 10* x 3/3- 4.50x 10* x 6/2 + R; = 0= Ray = 11.25x 10*r a d

BMg; = 0 (left)= Ma; + Ray x 3—2.25x 10* x 3/3x (1/4%x 3) = 0

= M, = - 32.06 x 10* ft = -0.0385 in

5 0c=Veo1=—Re; =4.50 10%rad, 04 = Va; = Rap = 11.25 10*rad

Va = BMa = My, =-0.0385 in

2. Calculatédc), O+ and \& using the Conjugate Beam Method [EI = constant].

P PL/4EI
A l B g ED A, C, , D,
s Bl

8 CB v Y]]

Lo T2 L !
,.?L/fl_El PL/2EI
‘ [ - M/EI Conjugate Beam loaded by M/
~PL/2EI

YFyc1y= 0= Veiw— (PLI2El) x L/2 = 0= Vi) = PLY4EI ééé. .
>Mc; = 0 (right)= Mc; + (PL/2El) x L/2 x 2L/3 = 0= M¢; = — PL¥6EI T
>Ma; = 0 (left of G)
= M1~ (PL/4EI) x L/2 x L/2 + Vg x L = 0= Ve = -5PLY48EI T
8¢ = Ve = PLY4EI B¢y = Ve = -5PLY48EI
Ve = Mcy = - PLY6EI

3. Calculate the reaction at support B [El = constant].

10¢ 15Rs/El
A B CE ( AT;: — - . C
5 (= L
| 5 = 15 | 5O/EI X
|

-.In the conjugate beam, BlyF 0 = -15/2x 15 Rs/EIx10 + 15%50/EIx15/2+15/2x150/Elx 10 = 0

= Rg = 15 kips
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Beam Deflection Solutions using Conjugate Beam Method

2. Calculate the deflection and rotation at point B [El = constant].

As ~B A By i VBt
4 = /
L MO \ 4 \ 4 \ 4 \ 4 \ 4 Y. Y. y R
| | My/EI Bl
~.In the conjugate bea,F, = 0= Rg; — L x (M¢/El) = 0= Rg; = M(L/EI eéeé. (1)
andXMg; = 0= Mg; + MoL/El x L/2 = 0= Mg; = —M L%2EI 6éé(2)
.05 = Vg1 = —Rg1 = ~ML/EI, and \s = Mg; = —M(L?%/2EI
3. Calculate he deflection and rotation at point C [El = 40,068%
100 6.25x 10° rad/ft v
A Dl B C At fp.. B Cuz )Cl
pa y ) e [z
| 5 | 5 ] 10 | Ra1 Re1
| | | |
In the conjugate beam, By 0= Ra; x10 + 10/2x 6.25« 10°%%x10/2=0
= Ra = —-15.63x 10 rad éé..... (1)
~YF, = 0= Ra;+ 10/2x 6.25x 10° + Re;= 0= Ry = -15.63x 10° rad 6éé. (2)
S YMc1= 0= Rap x20 + 10/2x 6.25x 10° x15+ Mc;= 0= M, = 0.156 ft 6éé. (3)
5.0c=Ve1=—Re; = 15.63x 103 rad, and ¥= Mc; = 0.156 ft
4. Calculate the deflection at C and the rotation at A [El = constant].
= PL/6E
P/21 lP/Z s —— o
= T f ............ .
At B C D @ E 1%. B, C, D, %El
| | | ] R ot
V- L3 ! AL Re1
| |
! L/2 !
In the conjugate beaMMg; = 0= Ray x L + {(2L/3)/2 x PL/6EI + L/3x PL/6EI} x L/2
= Ra; = -PL%718 El éeé. . (1)
PL/6EI
RA‘;T __________ A A ‘T%Cl
i Rea
~.Section at €= Ray x L/2 + {(L/3)/2 x PL/6EIx (L/6 + L/9) + L/6x PL/6EIx L/12} — M¢,= 0
— —PL%36 E| + 5PI%/648 EIl + P[}/432 El- M¢;= 0
= Mc;= —23PL%1296 El geé. .. (2)

5.0a = Va1 = Ry, = —PL%18EI, and ¥= M¢; = —23 PL%/1296 EI
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5. Calculate the deflection at A and the rotation at B [El = 40,6¢.k
2k 1

10 rad/t

In the portion BC; of the conjugate beamgR= R, = 6/2x 10*=3x 10*r a d

~.In the portion AB;, ¥F, = 0=> Ra;—2/2x 10*~Rg;= 0=> Ra; = 4x 10*rad ¢éé. (2)
(3)

and>Ma; = 0= Rgy x 2 + 2/2x 10 4/3+ Mpa; = 0= Mp; = —7.33x 1071t 666é.
0 =Vp1 = Rs;=3x 10%rad, and y= Mp; = -7.33x 10*1t

6. Solution in Class Note.

7. Calculate the deflection at C [fgl= Elpe = El, Elscp = 2EI].

Rar kb b £ Re1
l ...-.-::::.'.'.'.'.'Z:: ...... * $ T T T 1 -------- * i,
2 PL/12EI y
A iz B cC D E > 77
3 w3 L3 A, B, C. D E,
| |
w2 |
In the conjugate bea >Mg;= 0= Rag x L + {(2L/3)/2 x PL/12EIl + L/2x PL/8EI} x L/2
= Ra =13 P1%/288 El ééé. . (1)
PLIGEI p/gE|
Rk b
AlT...-:::::-‘-'-'-'3 ------- 1 """" 1 T TT )Mm
%  PL12El Ry
-.Section at €= Ra; x L/2 +{(L/3)/2 x PL/12EIx (L/6 + L/9) + (L/2)/2x PL/SEIlx L/6}-Mc;= 0
= -13 PL%576 El + 5P¥1296 El + P/192 El- Mc;= 0
= Mc;=-35 PL¥/2592 El ééé. .. (2)
.05 = Va1 = Ray = —13 PL?/288EI, and ¥= M¢; = -35 PL%2592 El
8. Calculate the deflection at D [EI = constant].
P P
l l Aq B 91 Dlla Mps
B & P c o R 117,
| L/2 | L/2 | L/2 | il
In the conjugate beam, BiE 0= Rai x L —(L/2)/2 x (PLI2E)x L/I6 =0=Rpn=PL¥ 48 E| . é.
+.¥Mps = 0= Ray x3L/2 —L/2 x (PL/2El)x L/I2-Mp; = 0= Mp; = -3PL%32 El ééé. (2)

“Vp= Mp; = —3PL¥32 EI
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9. Calculate the deflection at C and the rotation at B [El = 40,00%).k

WJTTTTT T 16
10 I“‘f 5 I

~.In the portion ABy, YMa; = 0= —Rgyx 10-10/2x 2.5x10*x 20/3-20/3x 3.13x10*x5=0

= Rg; = -1.875x10rad ééeé. (1)
~.In the portion BCy, YXMc1= 0= —Rgyx 5 + 5/2x 2.5x10*x 10/3-Mc;= 0
= Mc; = 11.46x10°ft geé. (2)

.05 = Vg, = —Rg; = 1.875x103rad, and ¥= Mc; = 11.46x10>ft

10. Calculate the deflection at B and rotations at the left and right of B [El = 40;8€]0 k
k

2

Bl c Ay B: C D,
A A\ D »»»»» * *
Bs | s P B g »-L][17B

RCl RDl

Ra1 Re1 J’Rc1
ﬁ ﬁ;* ..... l ..... 1 2 5<10*rad/ft

~.In the portion GDy, >Mp; = 0= Re1x 5-5/2x 2.5x10%%x 10/3= 0= Rc; = 4.17x10%r ad é .
~.In the portion AB,Cy, YMa; = 0= —Rg1 x 5 + 5/2x 2.5¢10*x (5 + 10/3) + R;x 10 =0
= Rg; = 1.875x10%rad ééé. (2)

2.5¢10*rad/ft

L (1)

For a section at right of BYF, = 0= Vi)~ 5/2x 2.5x10*Rc; = 0= V= 1.0410°r ad €& ( 3)

andXMpg; = 0= Mg + 5/2x 2.5¢<10* x 10/3+ Rg;x 5= 0
= Mg, = —4.1%107°3ft geé. (4)
For a section at left of B>XF, = 0= Vg1 + Rs1 = Vi+) = Vi) = —8.33x 10%r ad
080y = Va1 =-8.33x10"*rad,0p¢) = Ve = 1.04x10*rad, and y= Mg; = —4.1%10°ft

11. Solution in Class Note.

12. Calculate the deflection at B and rotations at the left and right of B [El = constant].

w/unit length

Rai wizgel  Re
Ay Y YyYY VY LB C AT4 ~~~~~~~ LS B1 C,
“ . = R l l
2 L | L | 2 T T e

WL?/2EI

~.In the conjugate beamMa,= 0= —Rg; x L-2L/3 x WL%8EI x L/2 + L/2 x WL%2EI x(L+2L/3)= 0
= Rg; = 3WL*/8EI ééé. (1)
For a section at right of BYF, = 0= V)~ LI2 x WLY2EI = 0= Vgysy=WLY4El . é éé ( 2)
andYMpg; =0 = Mg; + L/2 x WL%2EIx 2L/I3=0= Mg;=-WLY 6 El é é .
For a section at left of BYF, = 0= V() + Ra1 = Vi) = Vi) = -WLY/8EI 6éé. (4)
08y = V) = -WLBEI, 0gy = Veiry = WLY4EL and = Mg; = ~-wL*/6E|
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13. Soluion in Class Note.

14. Calculate the deflection at B [El = constant].

P Rat RaLEI Ros
l AlT .............. g TT I T ............. o *T D,
- T o el & | L
A EEEE o O R
- L l PL2EI

[ [ [ [
-.In the conjugate beam, BV 0= Ray x L + L/2 x RA\L/EIl x L/3 — L/4 x PL/I2EIxL/6 =0

= Ra1 = -RAL%6E| + PL?/48EI ééé. (1)
Also, BMc;= 0= —Rp; x L — L/2 x RAL/EI x L/3 + L/2 x PL/I2EIxL/3=0
= Rp; = ~RJL%/6EI + PL¥12EI geé. (2)
~XF, = 0= Ra; + Roy = —~(2L/2) x RAL/EI + 3L/4 x PL/2EI =—R,L?/El + 3PL%/ 8 E | ééé.
~[(1) + (2)], (3) = —RaL%3EI + 5PI?/48E| =—R,LYEI + 3PL%/8EI
= 2R\L%3El = 13 PI#/48EI= R, = 13 P/32 6éé. (4)

(1) = Rar = —RAL%6EI + PL?/48E| =—13PL%/192EI + PI?/48EI =-3PL% 6 4 E |

~.Section at B=> Rx; x L/2 + L/4 x RyL/2EI x L/6 —~Mg;= 0
= Mg = —-3PL%/128EI + 13P/1536El =—23PL%1536EI
Vg = Mg; = —23PL%1536EI

D
D
(¢}

5. (6)

15. Calculate the deflection at B and the rotation at C [El = 40,66%).k
1.5 k/ft

By v v v v v

>
e

10 | 10 e

~.In the conjugate beaMc;= 0= —20/2x 5Rcx 10*x 40/3 + 10/3« 18.75x 10 30/4
+10x 18.75x 10*x (10+5) + 10/2< 37.5x 10*x (10 +20/3) = 0

= 666.67 R = 6406.25= Rc = 9.61 kips 6éé. (1)
~YF,=0= Rc; + 20/2x 5x 9.61x 10*~10/3x 18.75x 10*-10/2x (18.75 + 56.25% 10°=0
= Re1=-4.297x 10° rad ééé. . (2)

.. Section at B(right)
= —Rc1x 10-10/2x 2.5x 9.61x 10 x 10/3 + 10/3x 18.75x 10°* x 10/4 + My, = 0
= Mg = -4.297x 10°x 10 + 10/2x 2.5x 9.61x 10* x 10/3-10/3x 18.75x 10*x 1 0 / 4 éé. (3)
=-18.55x 101t
.00 = V1= —Re1= 4.297< 103 rad, \s = Mg; = —18.55x 1072 ft
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Buckling of Columns

...............
ey
.,
LN

. P
) o
L'
L |
I
EIV =—-Pv=EIV'+Pv=0
=V +Av=0 . éééé. . . ( [wpherer=PIE|
= V(X) = C cosAix + G, sinAX .éeééeé. .. (ii)
~v(0)=0=>C;=0 .. éeééé. (i)

v(L)=0=C,sin(AL) =0

~EitherG=0=>v(X)=Ccosix+Csinax = 0 ¢éééé. .. (iv), which i s the
OrAL=nt = A=nr/L .. é6ééeé. (v)
~.P =A?El = rfn’El/L? .. éeééée. (vi)

Eq. (vi) provides a set of solutions for the load P in order to cause deflection of the column. The smallest of
these forces is obtained by putting n = 1, resultingerctitical load of the column as
. Py=7’ElL? .. eééée. (vii)

The critical load shown in Eq. (vii) is also called the buckling load or Euler load of the column, hamed after
Leonhard Euler who was the first to derive it.

Eul er 6 s s oslthetbhuckding ofcoluena asmatbifurcation problem; i.e., according to it the column
would not deflect at all until it reaches the first critical loadrtEl/L?), where its deflection is arbitrary.
After exceeding this load, the column returns to itddefected position until it reaches the second critical
load (= 4°El/L?), and so on.

P
4
P=47El/L2"

Obviously, the Euler solution is not consistent with the observed structural behavior of axially loaded
columns. The discrepancy can be attributedhéoassumptions in deriving the formula; i.e., that the column

is perfectly straight, the applied load is concentric, the support condition-srnpied, the material follows
Hookebdés | aw and that there is noriatefasteblpal stress
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Effect of Initial Imperfection

El (v—v})" =- Pv= El
SV + AV =V

V' +Pv=ElV o V-vi)
éé6éé. .. (i )=nmih er e e L e

If vi(X) = Vi Sin (x/L) % X o
Vi"(X) = —(m/L)?vgisin (ax / L) Léééé. .. (i L |
~ () = V' + A%V = (/L) * vy sin (x/L) '
= V(X) = C,cosix + G, sin Ax —(n/L)/[A*~(/L)?] vg; Sin (ux/L) éééé. é(iii)

~v(0)=0=C,=0 ééééé. (iv)

V(L) =0= C,sin (L) =0=C,=0 ééééé. (v)

= V(X) = V[1-(LL/7)?] Vg Sin (ux/L) ééééé. (vi)
A?= PIEI= v(x) = 1/[1-P/(°ElL?)] vy sin (x/L) = Vo/[1-P/R]sin(ax / L) ééé . . . (vi i)
= V(L/2) = wil[1-P/R.] eéée. .. (viii)

Effect of Load Eccentricity (End Moments)

Elv' =-Pv-Pe
= ElV'+ Pv=-Pe

=V + 2V =— )% gé. é (i) ﬁ\ M,=Pe Mo=Pe 2
[whereA?= P/EI] —
: |
S (i) 2 v(X) = Ccosix + G sinAx — e eéeéeé(ii)
~v(0)=0=>Ci=e €. éeéeé. (iii)
V(L) = 0= C;sin (A\L) = e (X cosAL) = C,= e taniL/2) .. eéeéeé(iv)
= V(X) = e [cosAx — 1+ tan@.L/2) sinAx] . é. ééeé(v)
~.Vv(L/2) = e [cosAL/2 — 1+ tan@L/2) sinAL/2]
= e [seclL/2 — 1] = e [sec {f/2)V(P/P,)}i 1] €ééé. . (vi)
(v) = EIV'(x) = - EIA%e [cosAx + tan(.L/2) sinAx]
S M(X) = — Mg [cosAx + tan(.L/2) sinAix] €. eééé. (vii)
S M(L/2)/M o = — [sec{L/2)] eéé. . (viii)

e

0.8

/ | —e— Graph (1)—s— Graph (2)|

0.6

P/Pct

0.4

7t
/

0.2

5 10 15 20
(1) V(LI2)VO, or (2) V(L/2)/e

Fig. 1: Effect of (1) Column Imperfection and (2) Load Eccenti
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Effect of Material Nonlinearity

For materials with nonlinear stressain relationship, the critical load is, B 7° EJ/L? = o, = ©° E/n?

where E= Tangent modulus =addEe; i.e., slope of the strestraingraph,n = Slenderness ratio

Example Calculates,, if o = 40e — 20&? andn is (&), (b) 2r, (C) 4.

o = 40¢ - 20”= E, = do/de = 40— 40¢

5 40¢ — 20€%= %40 - 40¢)/m® = e2-2(1+n°M?) € + 2n?Mm? = 0= £ = (L+n%n?) — V(1+n'M?) eé(1)
L(@n=n=¢=0586c=16.57,(bn=2r=>¢ =0.2196=7.81, (cCM =4t = ¢ =0.061,6 = 2.35

If 6 = 40¢, E = 40 and the corresponding strains and stresses are
@n=nr=>e=1,6=40,(bn=2r=¢ =0.25,6 =10, (cn =4t = ¢ = 0.06256=2.5

Elastoplastic Material Property
The material property of an eccentrically loaded beatamn is elastglastic; i.e.,
Bending moment M = EI'y with an upper limit of M

= — Pv-Pe = EI V¥, for the elastic range .. eé.é. . (1)
and- Pv- Pe=- M, for the plastic range .. éeée. é. (i)
M A

. f_,l_.\_/ ......... \ ; Mg

@} Mo=Pe MO:Pe‘/ﬁ‘- El

X |
L ! .
¢

~v(L2) =e[sec{@/2N(P/R)}i1] , for the el@)stic range éééé

v(L/2) = M,/Pi e, for the plastic range e..eé. ... (iv)
Example If El = 40000 kft*, L = 20 ft, e = 0.10 ft, Mis (a) 200, (b) 100, (c) 50k.
. P = WEIIL?= 987 kips éééé. (1)
-.For the elastic range, v(L/2)/e = se(®/400)}i 1 eéeée. (2)
and for the plastic range, v(L/2)/e is (a) 2000/B, (b) 1000/F 1,(c)500/A 1 €éééé . ( 3)

1.0
— Mp=200 k-ft —=— Mp=100 k-ft —a— Mp= 50 k-ft
0.8
& 06 AN\
[ /}( \
04 \
0.2
00 1 1 1 1
0 1 2 3 4 5

v(L/2)/e

Effect of Material Nonlinearit:
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Effect of End Conditions

(a) FixedHinged column Mo
El V' = MyT Rxi Pv T T o
= EIV' + PV =MoT (Mo/L) X TS \N P
2 V(X) = CcosAx + G sinAx + [Mgl (Mo/L)x]/Pe .. e (i Rp X I %
[whereA® = P/EI] L ,

~v(0) = 0= C;=7 My/P o ééé( i i) R

V/(0) = 0= C,= My/PAL é éi8)(
2 V(X) = (Mo/P) [ cosAx + (LAL) sinAx + 11 x/L] eéeée. . (v)
~V(L)=0=cosAL = (1/AL) sinAL =>tanAL=AL ¢€ééé. . (Vvi )
.'.AL 4.49341 €. é. S(vii)

. P =R, = EI\*=20.19 El/I®= 2.046 ¢°EI/L?) = =°El/(0. 7L) S(viii)
(b) For a FixeeFixed column, similarly derive

P = R, = 4 @°El/IL?) = n°El/(0.5LY éeé. .. (ix)
(c) FixedFree (Cantilever) column M, e P
ElV"= Mol Pv 2 "
— EIV' + Pv =M, e e TN
~V(X) = G cosix + G, sin Ax + Mo/P e. . e. . (xiy X I
[whereA?= P/EI] L |

~v(0) =0=Ci=T My/P .. éeeéé(xii)

V(0)=0=>C,=0 .. ééé(xiii)

~V(X) = (Mo/P)(Li cosix) eéeé (xiv)

V(L) =0=A%cosAL = 0= AL = n/2 €. . éé(xv)

~.P = R, = EIN*= n®El/4L? = °El/(2L)? éeéé(xvi)
In general, for any support condition, B t°El/L¢> = n°El/(KL)? éeé(xvii)

where L, = Effective length of the column = kL, k depends on support conditions at the two endhgi.e.
relative stiffness of the compression members and flexural members at the two ends.

Example Calculate the buckling load in column AB if the frame is (i) braced, (ii) unbraced.
[Given: El = constant = 40,000

15

18

B
T mm Em wmR 4 E TE wE R
( 11 12 | 10 |
I I I I
(a) Braced (b) Unbraced

wa = (EI/15+EI/18)/(E/11+El/12) = 0.122/0.174 = 0.7@; = 0

~.For braced frame, k = 0.61,,B 7°El/(kL)? = ©°x40000/(061x18)’ = 3275 kips
For unbraced frame, k = 1.12, B n°x40000/(1.1218) = 971 kips
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1.0 o

o o « =—=7200 *
50.0— e ——150.0 100.0—— EE].0.0 ——100.0
50.0—— — —50.0
10.0—— 1 ——110.0 30.0 ——5.0 —130.0
0.9 e o 1
o — 150 200— 1. —200
3.0— — —13.0 — N —
50— — 120 00— e ——10.0
—1 08 9.0— 3.0 —1 9.0
8.0F— 1 — 8.0
1.0— — 110 - i |
0ol _loo 7.0 7.0
0.7— — 0.7 50— R — 5.0
0.6— 107 196 40— —+20 —140
0.5}— —— 05 — 4 ]
3.0—— | — 3.0
0.4— e — 04
03— — 093 oob— - —20
—T1 15
— 06 I _
0.2F— — 0.2 i
1.0} —— R —11.0
0.1—— - — 0.1 i
0 05 0 0 1.0 °
Wa k 4] Wa k VB
Braced Frame Unbraced Frame

v = Ratio ofXEI/L of compression members KEI/L of flexural members in a plane at one end of a compressiambere
k = Effective length factor.

Alignment Charts for Effective Length Factors k
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Design Concept of Axially Loaded Members

For structural members under compression, the AASD (AISC = American Institute of Steel
Construction, ASE:= Allowable Stress Design) guidelines recommend the following equations

Slenderness Rati®, = L¢/fmin, andn. = n\/(ZE/fy)

If 1 <M, 6a = T, [1-0.5 (/n)°JIFS,

where FS = Factor of safety = [5/3 + 31f1(.) —-1/8 (/)] eéééeéeeée(i)

If 1> Ne oar = (TPEMA)/FS, where FS = Factor of safety = 23/12 = 1.92 ééééé. .. (ii)
Here E = Modulus of elasticity, & Yield strengthg,, = Allowable compressive stress
A = Crosssectional area, d= Effective length ofnember, i, = Minimum radius of gyration

The AISGASD column design curve is shown in the figure below

0.6
Y 0.5
0.4 \
canfy 03 \
0.2 \
.

0.0

0 1 2 3 4 5

p=nm, —
Example Calculate B, for the column below using the AISESD Method if
(@ L=38,(2)L=10[Given: E = 29000 Ksi,f= 40 ksi]

P 1.5
ne = TV(2E/,) = nV(2x29000/40) = 119.63 _ l@
k = 0.7 [FixedHinged], ., = 1.5'/\(12) = 0.433 “
(@) L=5=60"= 1 = kL/ryn = 0.7x60/0.433 = 96.99 2"
oo = fy[1 - 0.50/Me)?] = 40x[1 — 0.5¢(96.99/119.63) = 26.85 ksi
FS = 5/3 + 0.375({/n) — 0.125 (/n)° = 1.90
5.0 a1 = 6/FS = 26.85/1.90 = 14.10 ksb Py = 14.10x 3.0 = 42.30 k
(b) L = 10 = 120 = n= kL/ryi, = 0.7120/0.433 = 193.98 &,
G = m’EM? = 1%x29000/193.98= 7.61 ksi, and FS = 1.92
5.6 a1 = 0o/FS = 7.61/1.92 = 3.96 ksb P, = 3.96x 3.0 = 11.88 k 1

Problem Check the adequacy of the truss against buckling using-AlSIZ criteria, if P = 10
[Given: A = 1.2 iR, rm, = 1, E = 29000 ksi,,f= 40 ksi for all members].

P

8!

@r
|

| 8 — g
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Moment Magnification

F/2 F/2
Concentrated Load at the Midspan of a Simply Supported Beam l ““““““ _T\_/ ................
Elvi=—Pv-Fx/2 (x<L/2) P : P
= ElV' + Pv=—Fx/2 .eéeée. (i) @ T *
~.Using 2= P/EI 1 F
V(X) = C,cosix + G, sinAx — Fx/(2P) Léééé. (i) — | — |
~v(0)=0=>C;=0 eééeée. . (iii)
V(L/I2) =0= C,A cos fL/2) = F/(2P)= C,=F/(2P.cos¢L ) ) €ééééé. (i v)
= v(x) = FL/(2B [sin Ax)/{(AL) cos Q.L/2)} T x/L] .. e6eéé . (v)
= M(X) = El V'(X) = (-A?El) FL/(4P) [sin @x)/{(AL/2) cos ¢L/2)}]
= —(FL/4) [sin Qx){(AL/2) cos ¢L/2)}] €éééé. (vi) A=PEI] [Using
- M(L/2) = —(FL/4) [tan Q.L/2)/(AL/2)] eé. . éée. . (vii)
.Moment magnification factor = [tai.l(/2)/(AL/2)] .e. . éé. . (vii
S|m|larly, moment magnification factor for simply supported beam subjected to end moments onIy
= [sec §L/2)], as derived earlier eé. . éé. . (ix)
Also, moment magnification factor for simply supported beam under UDL
= 2 [sec £L/2)-1]/(AL/2)? e. . eée. (x)
The moment magnification factor according to AISC code =B(R,) éé. . é«i). (
—e— End Moments—— Conc. Load—— UDL —— 1/(1-P/Pcr)| |—0— P/Pcr=0.10—s— P/Pcr=0.50—— P/Pcr:O.9|
1.0 14
== | o
08 = / \
7 : .
c
: / A
_ 06 S s
© =
a a
i/ \
c
»
0.2 =
2
0.0 —= 0
5 10 15 20 0.0 0.2